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Abstract. Let k be a local field of characteristic 0, and let G be a con- 
nected semisimple almost fe-algebraic group. Suppose rank^G > 1 and p 
is an excellent representation of G on a finite dimensional k- vector space 
V. We construct uniform pointwise bounds for the /S'-finite matrix co- 
efficients restricted on G of all unitary representations of the semi-direct 
product G tKpV without non-trivial V -fixed vectors. These bounds turn 
out to be sharper than the bounds obtained from G itself for some cases. 
As an application, we discuss a simple method of calculating Kazhdan 
constants for various compact subsets of the pair (G tK p V, V). 
Keywords: Matrix coefficient, unitary representation, Fourier transform, 
projection-valued measure, Mackey machine, Kazhdan constant. 



1. Introduction and main results 

Let A; be a local field of char k = 0. We say that G is a (connected) 
almost k-algebraic group if G is a (connected) A:-Lie group with finite center 
for k isomorphic to R or G is the group of A;-rational points of a (connected) 
linear algebraic group G over k for k non-archimedean or isomorphic to 
C. Unless stated otherwise, G denotes a connected semisimple almost k- 
algebraic group with rankfc(G) > 1 and G denotes its underlying algebraic 
group; that is, G = G(k) for k non-archimedean or isomorphic to C. 

1.1. Finite-dimensional representations of G. For a finite dimensional 
vector space V over k, a representation p : G — > GL(V) is called normal 
if p is continuous for k isomorphic to R; or if p is a k-rational map for k 
non-archimedean or isomorphic to C. 

There is a decomposition G = G C G S (resp. G = G C G S ) where G c (resp. 
G c ) is the product of compact factors (resp. /^-anisotropic factors) of G 
(resp. G) and G s (resp. G s ) is the product of non-compact factors (resp. 
/c-isotropic factors) of G (resp. G) when k is isomorphic to R (resp. non- 
archimedean or isomorphic to C). 

Denote by Gi (resp. Gj), 1 < i < j the non-compact factors (resp. k- 
isotropic factors) of G (resp. G). Also set G s = G s (k) and Gi = Gi{k) for 
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A; non-archimedean or isomorphic to C. We call these Gi the non- compact 
almost k-simple factors of G. 

Definition 1.1. A normal representation p of G on V is called good if the 
p(G s )-fixed points in V are {0}; and p is called excellent if /5(Gj)-fixed points 
in V are {0} for each non-compact almost fc-simple factor Gi of G. 

In this paper we present an "upper bound function" for G-matrix co- 
efficients for all unitary representations of G t< p V without non-trivial V- 
fixed vectors if p is an excellent representation of G on V. Special cases of 
SL(2, K) K K 2 and SL(2, K) X K 3 are considered in [IB] and [20] for a local 
field K. For these cases the following conditions are satisfied: every orbit is 
locally closed (intersection of an open and a closed set) in the dual group 
V) and for each x G ^\{0} the stabilizer S x = {g £ G ix p V : g ■ x = x} 
is amenable. The first one allows us to use the "Mackey machine" and the 
latter one implies that the G-matrix coefficients are bounded by the Harish- 
Chandra functions. Margulis also used this criterion in [291 Theorem 2] to 
prove Kazhdan's property (T) of the pair (C^Qs) x QfjQf). In fact, if G is 
a connected almost /c-algebraic group and p is a normal representation, then 
"Mackey machine" applies to the semidirect product G K p V and hence we 
have complete descriptions of the dual groups of G x p V (see [Ml Theorem 
7.3.1] or [38, Chapter 5.4]). Therefore any irreducible representation tt of 
G K p V without non-trivial V- fixed vectors is induced from the ones on the 
stabilizers S x , x £ ^\{0}- However, for general cases, the complexity of 
these stabilizers S x would require heavy analysis calculations. 

Our work is an extension of the ideas of R. Howe and E. C. Tan [201 Chap 
V, Theorem 3.3.1]. For SL(2, R)kM 2 , they considered the system of imprim- 

itivity based on (SL(2, R), K 2 ) instead of "Mackey machine" to calculate up- 
per bounds of S'0(2)-finite matrix coefficients restricted on SL(2,M). More 
precisely, the deformation of 50(2)-orbits under the natural dual action of 

the Cartan subgroup on M 2 gives enough information to get upper bounds 
of 50(2)-finite matrix coefficients on SL(2,M). In their proof the commu- 
tativity of K, a maximal compact subgroup in G, is essential. However, for 
general examples, the complexity of G-orbits and non-commutativity of K 
do seem to require some new method for handling it; the same is true in an 
attempt at extending the results to non-archimedean fields. 

1.2. Main results. Let G be a connected semisimple almost fc-algebraic 
group with rankfc(G) > 1, D a maximal /c-split torus, B a minimal parabolic 
subgroup containing D, D + the closed positive Weyl chamber of D given 
by the choice of B, K a good maximal compact subgroup such that the 
Cartan decomposition G = KD + FK holds where F is a finite subset of the 
centralizer of D (Section 12 . 2(> . 

Denote by $ be the set of non-zero roots of G relative to D and by <I> + 
the set of positive roots. Let V be a finite dimensional vector space over 
k. Fix a normal representation p of G on V. Since char k = 0, then by 
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full reducibility of semisimple groups there is a natural decomposition of V 
under p: V = ®f = \Vi such that for each i, Vi is an irreducible representation 
of G. Denote by <3?j the set of weights of p on Vi relative to D and by A« 
and Qi the highest weight and lowest weight respectively, compatible with 
the ordering of $. Set A(3>j) = f-(Aj - where q t = Moreover, 
IfdimT/ Ai = l, q i = (i)(^- 2 ). 

Definition 1.2. Set 

r the coefficient of in <5# "l 
P(G,v,A) = x^f n 1 the coefficient of ^ in A(**) J ^ 

P(G,V,*) = 1 ™^ r P(G,Vi,* 1 )- 

where {wi, • • • , w n } is the set of simple roots of <I> + and <5b is the modular 
function of B. 

For a unitary representation 7r of G K p V, a vector v in 7r is called if-nnite 
if the subspace spanned by tt(K)v is finite-dimensional. We use the term 
if-finite matrix coefficients of n (on G) to refer to its matrix coefficients 
with respect to K- finite vectors (restricted on G). 

Definition 1.3. Let ^ be a positive function on G, invariant under left and 
right translations by K, and such that ^f(g) = ^(g -1 ), for any g £ G. A 
unitary representation n of G is said to be (K, r\Pj bounded on G where 
r > 0, if for any K-finite unit vectors v and w, one has the estimate 

\{n(g)v,w)\ < r dim(Kv) 1 ^ 2 a\vcn{Kw) l / 2 ^(g) for any g G G. 

Here {Kv) denotes the subspace spanned by Kv and similarly for (Kw). 

Note that P(g y$) < oo if is excellent. By the following theorem, pw pi 
determines a uniform pointwise bound for all K-finite matrix coefficients of 
G ix p V restricted on G. 

Theorem 1.4. Fix an excellent representation p of G on V. Let m be an 
integer with 2m > P(g,v,$)- Then for any unitary representation U ofGt< p V 

without non-trivial V -fixed vectors, II is (K, H^/ m ) bounded on G. Here 
is the Harish- Chandra function of G (see Section \4-l\ ). 

Theorem 11.41 does not provide the sharpest uniform pointwise bounds. 
The novelty of the above theorem lies in the simplicity of our method giving 
an upper bound for i^-nnite matrix coefficients. 

Proposition 17.51 shows that if each almost fc-simple factor of G has Kazh- 
dan's property (T) then the upper bounds of K-finite matrix coefficients on 
G can be obtained from semisimple part G itself by using property (T) or 
higher rank trick. Theorem 11.41 provides upper bounds of if-finite matrix 
coefficients on G even if the above condition fails on G. Moreover, using 
the p(if )-orbit-deformation method (in proving Theorem II. 4h one may ob- 
tain sharper upper bounds for i'T-finite matrix coefficients on G than those 
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offered by semisimple part itself (see various examples in Section [8|). For 
instance, for G = Sp(2n,C), V = C 2n and p the standard representation of 
G on V, the best possible decay rate from G itself for K-finite matrix coef- 
ficients is at most one half of the decay rate (provided by the combination 
of p(A')-orbit-deformation method and higher rank trick) (see Remark 18. 3p . 
We also have the following interesting result, in which the group G is 

/ 1 

defined by the symmetric or Hermitian form Q on L n+1 : (10 

V 

where L = R, C, or EI and n > 2. G is SO (l,n), SU(l,n) or Sp(l,n) 
respectively for L = 1, C or 1. 

Proposition 1.5. Let V = L n+ , n > 2 and p be the standard repre- 
sentation of G on V . Then for any unitary representation tt of G tx p V 

without non-trivial V -fixed vectors is (SO(n), H^" ^) bounded on G for 
L = R ; is (S(Ui x U n ), S^/ n ) bounded on G for L = C and is (Sp(l) x 
Sp{n), bounded on G for L = H. 



It turns out that the uniform pointwise bounds for .fT-finite matrix co- 
efficients in above proposition are in fact much sharper than the bounds 
obtained from G itself: SOo(l,n) and SU(l,n) don't have property (T); for 
L = H [ g 2n ] + 1 < |(1 + 2n), while there exists an irreducible representa- 
tion of G such that it is not (Sp(l) x Sp(n), H^" 1 ) bounded on G for any 

m < 1(1 + 2n) (see Remark EM- 

It is proved in [35l Proposition 2.3] and [311 Proposition p. 22] that the 
pair (G Kp V,V) has Kazhdan's property (T) if p is good. Then Theorem 
11.41 gives, in the case of local fields with character 0, the quantitative results. 
The pointwise bound H^/ m provides us with a simple and general method of 
calculating Kazhdan constants (see Section [9] for definition) for various com- 
pact subsets of semisimple G, in particular for any compact subset properly 
containing K. 

It is well known that any almost simple k- algebraic group G with rank^G = 
1 does not have property (T) if k is non-archimedean or if Lie algebra q of 
G is isomorphic to su(n, 1) or so(n, 1) for k archimedean. We have the 
following example including the case of G not having property (T): 

Proposition 1.6. Suppose rank^G = 1 and p is irreducible and good on 
V . Denote by G\ is the non-compact simple factor of G and by K\ a good 
maximal compact subgroup in G\. Let m be the smallest integer such that 
2m > p 1 where p' is defined in (]8.1ip . For any h G G\ such that h ^ K\, 

^(i-g^-w) 



^/2(l-s£"(/0)+3 



is a Kazhdan constant for ((G x p V, V), {Ki, h}). 



Let G be a real semisimple connected Lie group of IR-rank > 2 without 
compact factors and with finite center and T a cocompact torsion free lattice 
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in G, which admits a representation p : T — > SL(N,Z) without non-trivial 
invariant subspace with eigenvalue 1. By Margulis' super rigidity theorem 
|30| . the representation p of T extends to a homomorphism G — > SL(n,M) 
(otherwise we consider a finite cover of G). Combined with some results 
of A. Katok and R. Spatzier in [21] and [22] . Theorem 11.41 in the case of 
archimedean fields yields an application in obtaining tame estimates of co- 
cycle equations on s order Sobolev space H S (G IX M N /T X Tj N ) [37] . 
Acknowledgements. I would like to thank Professor Roger Howe for valu- 
able suggestions and for his encouragement. 

2. Preliminaries on almost algebraic groups 

We denote by g the Lie algebra of G (resp. G) when k is archimedean 
(resp. non-archimedean) . Let Qk be the fc-Lie algebra. Throughout the 
paper V will denote a finite-dimensional vector space over k. 

2.1. Unipotent, nilpotent elements and exponential map. Let S be 

a connected /c-linear algebraic group. Denote by S u the set of unipotent 
elements of S and the subspace of nilpotent elements of s where s is the 
Lie algebra of S. Then x £ 5^ implies that 

(2.1) expx :=^(i!)~V 

i>0 

belongs to S u . Conversely, if g 6 S u , then the logarithm 
(2-2) Ing^J^HrHl-gY 

i>0 

belongs to . The set S u and are fc-subvarieties in S and s respectively. 
The maps exp : s^ n ^ — > S u and In : S u — > are inverses of each other, 
biregular and defined over k (see [30l Chapter 0.20]). 

Remark 2.1. The condition char k = is necessary in guaranteeing the 
existence of exponential map (resp. logarithm map) of nilpotent elements 
(resp. unipotent elements) ins (resp. group S). 

Under an algebraic group morphism the image of any unipotent element is 
unipotent and every unipotent fc-algebraic group over a field of characteristic 
is connected. Moreover, we have: 

Proposition 2.2. (see [30],) If a : S —> S' is a k-group morphism, then 
for each u G S u we have a(u) = exp (da(]nu)j , where da : 5 — )■ s' is the 
differential of a and s' is Lie algebra of S' . 

2.2. Cartan decomposition. Let D (resp. D) be a maximal fc-split Car- 
tan subgroup (resp. fc-split torus) in G (resp. G) and B (resp. B) a 
minimal parabolic fc-subgroup of G (resp. G) containing D (resp. D) when 
k is archimedean (resp. non-archimedean). For the non-archimedean case, 
set D = D{k) and B = B{k). Let X(D) (resp. X(D)) denote the set of 
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characters of D (resp. characters of D over k) whose ordering is induced 
from B (resp. B). Denote by X + the set of positive characters in X(D) 
(resp. X(D)) with respect to that ordering. 
When k is archimedean, we set 

A; = {x G R | x > 0} and k = {x G R | x > 1}. 

When k is non- archimedean, we fix a uniformizer q of k such that |<7| _1 is 
the cardinality of the residue field of k, and set 

k° = {q n \ne 1} and k = {q~ n \ n G N}. 

We set 

D° = {d G D | G &° for each x G (resp. X(l)))}; and 

D + = {(I G D | x(d) S fc for each x G ^ + }- 

Equivalents D + = {d G D° | > 1} for each x £ X+ . We call £>+ a 

positive Weyl chamber of G. 

Let Z (resp. Z) denote the centralizer of D (resp. D) in G (resp. G) 
for k archimedean (resp. k non-archimedean) and set Z = Z(k) for k non- 
archimedean. Since X(Z) (resp. X(Z)) can be considered as a subset of 
X(D) (resp. X(D)) in a natural way, it has an induced ordering from this 
inclusion. Define 

Z + = {z G Z | \x[z)\ > 1 for each X G ^(^) + }; and 
Z = {z G Z | |x(z)| = 1 for each X G ^(^) + }- 

For any subgroup S of G, Nq(S) denotes the normalizer of S, Cq(S) 
denotes the centralizer of S and Z(S) denotes the center of S. 

Lemma 2.3. There exists a maximal compact subgroup K of G such that 

(1) N G (D) C KD, 

(2) the Cartan decomposition G = K(Z + /Zq)K holds, in the sense that 
for any g G G, there are elements z G Z + (unique up to mod Zq) 
such that g G KzK . 

See [17J for archimedean case and see [6] and [33] for non-archimedean 
case. In general, the positive Weyl chamber D + has finite index in Z + /Zq. 
Hence for some finite subset F C Cg(D), G = K(D + F)K , i.e., for any 
g G G, there exist unique elements d G D + and uj G F such that g G KduK. 

A maximal compact subgroup K is called a good maximal compact sub- 
group of G if it satisfies the properties listed in the above lemma. 

Remark 2.4. We have G = KD + K if k is archimedean or; G is split 
over k or; if G is quasi-split or split over an unramified extension over a 
non-archimedean local field k. 
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2.3. Roots and weights relative to a fc-split torus. Let p be a normal 
representation of G on V. A character % G X(D) (resp. x G -^0^)) is sa id 
to be a weight of D in the representation (p, 1/) for k archimedean (resp. 
non-archimedean) if there exists a non-zero vector v G V such that 

(2.3) p{c)v = x( c ) v f° r a ^ c £ D; 

and the corresponding weight space V x of \ is described as all vectors in V 
satisfying (|2.3p . 

Since char(fc) = 0, then by full reducibility of semisimple groups there is 
a decomposition of V under p: V = Ylue&i where is the weight space 
of p and $i is the set of weights of D. Notice that if char(/c) ^ then full 
reducibility fails. 

Non-trivial characters of X(D) (resp. X{D)) in the adjoint representation 
of G are said to be the roots of G for k archimedean (resp. non-archimedean). 
Denote the set of roots by For each u G <I> let be the corresponding 
root space, i.e., 

= {v G Q k ■ Ad(d)(v) = u{d)v, VdeD}. 

Lemma 2.5. Let p be a normal representation ofG, then the following hold: 

(1) Ifker(p) P| G s C Z{G) then every root of G is a rational combination 
of weights of G ; 

(2) the sum of all weights of p is trivial. 

Proof. ([I]) Let <5 be the set of roots. By full reducibility of G, there is a 
decomposition of V under p: V = X^e*i where is the weight space 
of p and $i is the set of weights. 

For each cj G $ choose / a £ g u and let U u denote the one-parameter 
subgroup exp(tu), t G k. Since k is infinite (|2.ip and (|2.2p yield that the 
subgroup U u is infinite. The assumption ker(p) p| G s C Z(G) implies that 
there exists \ G $i such that p(Uu) is nontrivial on F x and maps F x into 
^i>o^x+i^ PS]- Then it follows that 

joj = (x + j'w) — x where / j G N. 

Then we finish the proof for ([IJ) . 

d2J) Let E = X{D) ® R (resp. E = X(D) ® R), then $ is a root system 
of E and the factor group Nq(D) / Zq{D) (resp. Nq(D)/Zq(D) ) coincides 
with the weyl group of the root system <3? for k archimedean (resp. non- 
archimedean) (see [17] and [30]). Moreover, there exists W C N ( j(D)(k) be 
a complete set of representatives for k non-archimedean \30\ Chapter 0.27]. 

It is clear that the sum of all weights in E is invariant under the action of 
the Weyl group. To prove ([2j) , it is sufficient to prove the following statement: 
the only element in E invariant under the Weyl group is 0. Let Ei n be the 
subset of E containing all vectors invariant under the Weyl group. It is 
obvious that Ei n is a subspace. Suppose Ei n / 0. Note that there exists 
a positive definite inner product on E invariant under the Weyl group |30} 
Chapter 0.26]. Denote by E^ n the orthogonal complement of E^ n under the 
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inner product. Then E^ is also invariant under the Weyl group. For any 
uj G 3>, we have a unique decomposition uj = uj\ + 0J2 where ui\ G Ei n and 
ijJ2 G E^. There exists w in the Weyl group such that w(oj) = —uj, then we 
have 

— UJl — U)2 = —U) = w(uj) = w{ui\) + W(U)2) = UJ\ + w(ui2) 

By uniqueness of the decomposition, it follows that ui\ = 0, that is, uj G E^ n . 
Then immediately we find that C E^, which implies that E C E^ n . Then 
Ei n = which contradicts the assumption. Hence our claim is proved. □ 

Remark 2.6. The condition ker(p) f]G s C Z(G) is weaker than the condi- 
tion p is excellent. If p is irreducible, then the two conditions are equivalent. 

Next, we will give a detailed description of good maximal compact sub- 
groups for different k. 

3. Good maximal compact subgroups in G 

3.1. Maximal compact subgroups in G when k = C. For each uj G 
there exists X w G g u such that the following M-subspace 

K= RQ[X U ,X- U ])+ £ K(X U + X- U ) 

a;g<E>+ u;e<E>+ 

(3.1) + 

is a compact R-subalgebra and the M-Lie group K in G with Lie algebra K. 
is a maximal compact subgroup in G [17, Chapter III]. Let 

1 = {X u} +X_ u1 :uj£ $+}, u + = {X uj :uj£ $+} and 

(3.2) iT = {X^ : -uj G $+}. 

3.2. Maximal compact subgroups in G when k = R. In this part, we 
follow the notations and quote the conclusions from |17} Chapter VI] with 
minor modifications. If g = Co + po is a Cartan decomposition of g and £0 
is the set of fixed points of the corresponding Cartan involution, then the 
Lie subgroup K in G with Lie algebra Co is a maximal compact subgroup of 
G. Let Qc be the complexification of g, put u = Co + ^Po and let T\ and r% 
denote the conjugations of gc with respect to g and u. The automorphism 
of T\T2 of gc will be denoted by i?. 

Let Vp denote any maximal abelian subspace of po and let Vq be any 
maximal abelian subalgebra of g containing V Vo . Obviously Vp = PoPlPo- 
We put Pj = DoH^o- Let V denote the subspace of gc generated by Vq. 
Then V is a Cartan subalgebra of gc- Let V* = P po + W^ . We denote 
by ^(D, gc) the set of nontrivial roots of (gc, T>) and denote by g^ the 
corresponding root space of oj in gc for each uj G ^{T>, gc). Since each root 
uj G VP(2?, gc) is real valued on V* we get in this way an ordering of ^{T>, gc). 
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Let Vl/ + denote the set of positive roots. Now for each uj G ^(V, 0c) the 
linear function uj Ti , uj T2 , and uj^ defined by 

uj Ti (h) = uj{nh), uj T2 (h) = u(r 2 h), u®(h) = uj($h) 

for any h G T> are again members of ^(T>, 0c). The root uj is trivial on Dp 
if and only if u; = uj . We divide the positive roots in two classes as follows: 

P+ = {uj : uj G ^ uj^} and P_ = {uj : u G ^ + ,o; = a/}. 

Define 

Pi = {u £ P + : uj ^ u Tl } and P| = {w G P+ : w = uj Ti }. 
For w G ^(P, flc) let 0|! be the real vector space spanned by 

{xuj + Tix u : x u G 0c}- 

It is clear that gj^ = if tp = uj Ti . Furthermore, dimgj^ = 2 if uj G P| and 
dimflg = 1 if u G P|. 

The following follows from (the proof) of Theorem 3.4 in [171 Chapter 
VI]: 

Proposition 3.1. Let n = J2uj£P+ 9c> n o = n C\Q> then 

(1) g = to + Dpo + n 0) direct vector space sum. 

(2) For any Z w G flg, X^ G t ±w G P_ ; and Z w + t 2 X w G fi i/ 
±w G P+. 

(3) cj 7 " 1 = uj on T>p ; and uj T2 = —uj for any uj G ^(D, 0c)- 

Select a basis {X^,X^} (resp. {-X^}) of g|! for each uj G P\ (resp. 
w G P£). Set 8{uj) = {1,2} (resp. 5(uj) = {1}) if w G Pj (resp. w G P\). 
Let 

u+ = {XI : w G Pi, i G <5(w)}, 

(3.3) tt" = {r 2 Xl : a; G P|, i G %)}. 

Here we use the unified notations compatible with (I3.2p . 

Let D be the connected Lie group in G with Lie algebra 2? Po . Denote 
by Vp Q (uj) the restriction of to to V po for dbu> G P+ and let $ be the set of 
exponentials of non-trivial restricted roots, i.e., 

f = {exp(D pe ( W )):i W GP + } 

where exp(D po (uj))(d) = exp(w(lnd)) for any d G D. The ordering in 
^{T^i 0c) induces a compatible ordering in <£. 

Remark 3.2. By using (|3.ip and Proposition 13.11 for k archimedean the 
following hold 

(1) for any v G t, exp(tv) (t G R) is a one-parameter subgroup in K, 

(2) the Lie algebra generated by {u : u G u + } is + = J2ue®+ an d 
the Lie algebra generated by {u : u G u~} is 0~ = X)-we$+ 0^- 
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(3) define a map tq : u + — > u~ as follows: tq{X u1 ) — > for uj G 3> + for 
& = C; and to(u) — > t^u for it G u + for fc = R. Then exp(t(ii + Ton)) 
(t G R) is a one-parameter subgroup in if for any u G u + . 

Set D + = {d 6 D x(d) > 1} for each x £ <£ + and call L> + a positive 
Weyl chamber of G. 

Remark 3.3. For K defined in Section 13.11 or Section 13.21 we have G = 
KD+K (see [H]). 

3.3. Maximal compact subgroups in G if k is non-archimedean. Let 

K be a good maximal compact subgroup in G and let d( , ) be a metric on 
G induced from an absolute value on k. Since K is compact and open (see 
[321 Appendix]), from (J2UJ) and {22]) we see that 

Lemma 3.4. There exists 1 > a' > suc/i i/iai /or any t £ k and any 
x £ G u f)G with d(x,e) < 1, if \t\ < a' then exp(tlnx) E K. 

For each oj G choose a basis {-X^, • • • , X™} of where n = dim/; g^. 
Let 

u+ = {Xl :l<i< dim fc g w , w G $+} and 
(3.4) u~ = {XI : 1 < i < dim fc g w , -w G $+}. 

Remark 3.5. As an immediate consequence of Lemma 13.41 we have the 
following statement: there exists < a G N such that exp(t-u) G K for all 
t G k with \t\ < |gj°" and u G u + (J u~. 



4. Preliminaries on matrix coefficients 

In this section we list some notations and well-known properties about 
matrix coefficients which will be used in this paper. 

Definition 4.1. For a locally compact group S, a (continuous) unitary 
representation ir of S is said to be strongly L p if there is a dense subset W 
in the Hilbert space T~L attached to ir such that for any x and y in W, the 
matrix coefficient g — > (ir(g)v,w) lies in L P (S). We say tt is strongly L P+<E if 
it is strongly L q for any q > p. 

Since the matrix coefficients of a unitary representation with respect to 
unit vectors are bounded by 1, a strongly L q representation is also strongly 
L p for any p > q. 

4.1. The Harish-Chandra function Sq. We denote by 5b the modular 
function of B; in particular for a G D°, 

(4.1) S B (a) = J] \a(a)\ m " 
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where m a denotes the multiplicity of a. The Harish-Chandra function Eg 
is defined by 

Soto) = / 6 B {gkT 1/2 dk 

JK 

As is well known, Eq is the diagonal matrix coefficient g — > (Ind%(l)(g)fo, fo) 
where Ind^(l) is the representation which is unitarily induced from the 
trivial representation 1 and fo is its unique (up to scalar) K-invariant unit 
vector. In fact, fo is given by 

fo(kb) = 5 B /2 {b) for k G K, be B. 
We list some well-known properties of Eg (see [15] , [33] and [38J ) : 

Proposition 4.2. (1) Eg is a continuous bi-K -invariant function of G 
with values in (0, 1]. 

(2) For any e > 0, there exist constants c\ and 02(e) such that 

cif^(b) < E G (b) < c 2 {e)5 B ^ +e (b) for all b £ B. 

Then the formal sum £($) := 2" Sae*+ m « a determines the decay 
rate of Eq . 

(3) Eg is L 2+e {G)-integrable for any e > 0. 

For k archimedean we can write the Haar measure dg of G in terms of the 
Cartan decomposition KD + K: dg = A(b)dkidbdk2 where A(6) is a positive 
function on D + satisfying 

di(t)6 B (b) < A(6) < d 2 5 B (b) 

for all b € Df = {g € D + : \a(g)\ > t for all a G < I )+ } and for some 
constants di(t) and d% if t > 1 (see [H] and [23j Proposition 5.2.8]). 

For k non-archimedean and for any bi-K-invariant function / of G, we 
have 

f \f(g)\ p dg = J2 Vo\(Kdu;K)\f(d)\ p for any p > 0. 

Moreover, there exist positive constants c\ and ci such that ci<5s(d) < 
\o\(Kdu)K) < c 2 5 B (d) for all duo G D+F (see [33l Lemma 4.1.1]). Then 
we have the following result (detailed proof can be found in [HI Lemma 
7.3]): 

Lemma 4.3. Let f be a bi-K -invariant continuous function on G. If 
f D+ \f (a)\ p 5 B(a)da < 00 for some p > then f G L P (G). 

4.2. Useful results about if-matrix coefficients. The following follows 
from (the proof) of [9j Corollary in pg. 108]: 

Theorem 4.4. For a connected semisimple almost k-algebraic group G and 
its unitary representation it, if 7r is strongly L 2p+t for some positive integer 
p, then 7r is (K, Eq P ) bounded on G. 



12 
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Even though it is assumed that G is an semisimple algebraic group in [9j 
Theorem 2], the proof works for any semisimple almost ^-algebraic group 
case as well without any change. 

Definition 4.5. Let S be a locally compact group and let tt\ and 1x2 be 
unitary representations of S. We say that iri is weakly contained in t\i 
if and only if each matrix coefficient s — > {tti(s)v,w) of iri is the limit, 
uniformly on compacta, of sums of matrix coefficients of TT2 

n 

i=l 

subject to the condition that X)i^=ill u »ll 11^*11 — IMI IIHI ( see an d [H]) 
and an equivalent definition given by diagonal matrix coefficient is in |12j . 
Loosely speaking, an irreducible representation is weakly contained in the 
regular representation if it appears in the Plancherel formula. 

In particular, to an arbitrary representation tt of S, we may assign a set 
supp7r in the unitary dual S of S consisting of all tp E S which are weakly 
contained in tt. If S is of type I, as we will assume, then supp7r is exactly 
the support of the projection- valued measure on S defining tt (up to unitary 
equivalence). The following establishes equivalent definitions of a (K, r^) 
bounded representation |18} Lemma 6.2]. 

Proposition 4.6. Let S be a locally compact group with compact subgroup 
K and H be a subgroup of S. Then a representation of S is (K, r^ bounded 

on H if and only if all ip E suppir are (K, r^) bounded on H. 

We shall also make use of the following lemma which is an obvious con- 
sequence of [9], Theorem 14.41 and above proposition (since a connected 
semisimple almost fc-algebraic group is known to be of Type I (see [1] and 
[38])). 

Lemma 4.7. Let p be a positive integer. Suppose tt of G is a direct integral 
of unitary representations. Then it is strongly L 2p+e if and only if almost 
all the integrands are. 

5. The Fourier transform and projection-valued measure 

5.1. The Fourier transform. Let M be a locally compact abelian group 
with a Haar measure dn and denote by M its dual group. The Fourier 
transform of L^AT) is obtained by restriction: 

Kx)= I f(n)W)dn, f G L l (M), 

the bar denoting complex conjugation. In particular, / belongs to Cq{M) 
for all / € L 1 (M), where Co (AT) is the space of complex- valued continuous 
functions vanishing at infinity [13l pg. 93]. The space of functions S(M), 
known as the Schwartz- Bruhat space of M (rapidly decreasing functions on 
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AT), is defined such that it has the property: the Fourier transform induces a 
topological isomorphism S(Af) = <S(Af) (see [5] and [31]). The definition by 
Frangois Bruhat is a direct limit of spaces of infinitely differ entiable, rapidly 
decreasing functions on quotient spaces of Lie type of Af and it generalizes 
the familiar Schwartz space of W 1 (see [H]). In particular, if Af is isomorphic 
to a finite dimensional vector space over a local field k, in the archimedean 
case, S(Af) is the space of Schwartz functions; for non-archimedean case 
S(Af) is the space of locally constant functions with compact support. 

Theorem 5.1. For a suitable normalization of the dual Haar measure dn 
on Af, we have: 

(1) The Fourier transform f ->■ f from L 1 (Af) f] L 2 (Af) to L 2 (J\f) ex- 
tends to an isometry from L 2 (Af) onto L 2 (Af). 

(2) /// G L l (J\f) and f G L 1 (A/ r ), then for almost every n G Af, 

f(n)= Lx(n)f(x)dx- 

JAf 

(3) Every n G Af defines a unitary character r/(n) on Af by the formula 

v(*)(x) = X(n), VxGAA. 

The canonical group homomorphism r\ : Af — )• Af is an isomorphism 
of topological groups. 

(1), (2) and (3) in above theorem are called PlanchereFs Theorem, Fourier 
Inversion Theorem and Pontrjagin's Duality Theorem respectively. So, we 

can and will always identify with Af and will take the normalized dual 
Haar measure dn on Af (relative to dn on Af). 

5.2. Group algebra of locally compact groups. Let S be a locally com- 
pact group, with a left invariant Haar measure ds. The convolution f% * $2 
of two functions /i, /2 G L l {S) is defined by 

h*h{h) = I fi(s)f 2 (s- 1 h)ds. 
Js 

The group convolution algebra ^(S), equipped with the involution /—>•/*, 
where 

r(s) = 5 s (s- 1 )7 y (s), VseS, 

5s denoting the modular function of group S and v denoting reflection 
(/ v (s) = /(s _1 ) for all s G S), is a Banach *-algebra. 

Let 7r be a unitary representations of S on a Hilbert space T~L with inner 
product ( , ). For v G %, a diagonal matrix coefficient s — > (tt(s)v, v) on S is 
a positive definite function, in the sense of Bochner. Vice versa, any positive 
definite function can be realized as a diagonal matrix coefficient by the 
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Gelfand-Naimark-Segal construction (see [2] and |10j). The representation 
of 7r extends to a ""-representation of ^(S): for any fx, fi G ^(S) 

(5.1) tt(/i * / 2 ) = n(fx)n(f 2 ) and vr(f) = tt(/)* 

where vr(/)* denotes the adjoint operator of 7r(/*) and vr(/) is the operator 
on "H for which 

(ir(f)v , u>) = / f(s){7r(s)v,w)ds, Vu, u> <E U 
Js 

for any / G ^(S). 

In particular, for the left regular representation A, A(/) is the operator 
of left convolution by / on L 2 (S): A(/)<? = / * g for any 5 G L 2 (S). 

5.3. Projection-valued measure. Let S* be a locally compact group and 
M be an abelian closed normal subgroup of S. Let it be a unitary represen- 
tation of S on a Hilbert space %. For £, rj G "H, consider the corresponding 
matrix coefficient of 7r \j\f. 

hA n ) = M^C) for any nG AT. 

By Bochner's Theorem, there exists a finite complex regular Borel measure 
//£ ;J? on AA such that 

(5-2) hA n ) = Lx(n)d^ v (x). 

JAf 

Clearly, d/j,^^(Af) = (£, r)}. The representation 7r \n extends to a *-representation 
on S{N): for any / G S{M), 7r(/) is the operator on % for which 

(nmv)= I (/(ttMn)e,r/)dn, V£, 7/ G W. 

Then we have 

(tt(/)^) = J (f(nMxi)^ V )da ( = } jL/(n)x(n)d^(x)d« 

(5-3) = / / /(n)x(n)dnd/i $|7? (x) = Lf(xWd, v (x)- 

JAf JAf JAf 

(1) follows from (|5.2p and (2) holds by using Fourier Inversion Theorem and 
Plancherel's Theorem. 
Then it follows that 

(5-4) ||t?(/)|| < ll/IU, V/G5(A?). 

Since the Fourier transform converts multiplication to convolution, that is: 

JW2 = 7T*^, v/i, h e s(A0, 

it follows from (|5.ip that 

(5.5) vf(/i • / 2 ) = vr(7TT2) = tt(A * %) = nfxMf2), V/i, / 2 G 5(A7); 
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and the relation (/) v = / yields 

(5.6) tT(/)* = 7r(/), V/ G S(M). 

This inequality (|5.4p allows us to extend tt from S(Af) to L°°(Af) by tak- 
ing strong limits of operators and pointwise monotone increasing limits of 
non- negative functions (see [25] for a detailed treatment). Hence tt is a ho- 
momorphism of L°°(Af) to bounded operators on H. Also, (|5.5f) and (|5.6p 
extend to Ji, / 2 , f £ L°°(N). _ 

Let B{M) be the a-algebra of the Borel subsets of A/". For every X G 
£>(A"), let c/ix denote characteristic function of X. (|5.5p and (|5.6p imply that 
tt (chx) is idempotent and self-adjoint, which implies that it is an orthogonal 
projection of %. Write if (chx) = Px- From (|5.3p . we see that 

(5-7) (PxC^) = M^W- 

It is readily verified that X — > Px is a regular projection-valued measure 
on M associated to the unitary representation tt \j\f of the abelian group A". 
Moreover (see [2] Theorem D.3.1] or [381 Chapter 5.4]), 

vr(x) = Lx{x)dP( X ), Vx G AA. 
JAf 

Since AA is normal in S, we have a representation p : S — > GL(N) defined 
byp(s)n = s- n = sns^ 1 . This means we have the following relation 

(5.8) TT(s)TT{n)ir(s)- 1 =7r(s-n), Vs G S, Vn G A". 

Since 5 acts continuously by automorphisms on J\f, then it acts continuously 
on A/" by 

(«'X)(n) =x(s _1 -n), s G 5, X € AA, n G A"; 
and let * denote the associated action of S on functions on A". Thus 



(**/)(*) = /(« -1 -x), v x gaT. 
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Straightforward calculations show that the conjugacy relation (|5.8p implies 
a similar relation for the operator tt for any s E S and any / E S(J\f): 

= / (/(n)7r(sns _1 )^,r/)dn 

- / L/(n)x(s-n)^W* 

./.A/'./.A/' 

= L / /(n)(* _1 • x)(n)dnd^, v (x) 
JAfJAf 

(1) and (3) follow from (|5.2I) and (|5.3h respectively and (2) holds by using 
Fourier Inversion Theorem and Plancherel's Theorem. Then it follows that 

(5.9) vr( S )7f(/M S - 1 ) = 7f( S */), sGS, feS(M). 

The relation (j 5 . 9 j) persists in the strong limit to hold for / E L°°(N). In 
particular, the relation 

vr^Pxvr^)- 1 =P S{X ), for X E B(M), s£S 

holds for the projection-valued measure associated with tt. 

The following establishes approximation relations between projected ma- 
trix coefficients, which is useful in this paper: 

Lemma 5.2. let ttq be another unitary representation of S. Suppose tt is 
weekly contained in ttq. Then for any f E S(M) and for any vectors £, r/ of 
tt, each projected matrix coefficient 

#/):(M)^(*(/)(<*)0.*(*)»7) 

is the limit, uniformly on compacta, of sums of the projected matrix coeffi- 
cients 

n 

: (s,t) -> Y,(^o(f){Ms)^),MtH) 
i=i 

for vectors rji of tt , subject to £" =1 ||&|| \\Vi\\ < U\\ \\v\\- 
Proof. For any e > 0, there exists Mi > such that 




We assume neither of £, ry is 0, otherwise the conclusion is obvious. Since tt 
is weekly contained in ttq, each matrix coefficient (s,t) — > (7r(s)£, Tr{t)rn is 
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the limit, uniformly on compacta, of sums of matrix coefficients 

n 

1=1 

subject to the condition that X)i=ill&ll ll^ill — IKII \\v\\- Let Y 1; Y 2 be com- 
pact sets in S. Then there exists m(Yi, Y 2 , e) G N such that for any n > m, 
any n G with |n| < Mi and any 2/1 G Y l5 y 2 G Y 2 we have 



E(n,n,y 1 ,y 2 ) = 
(5.10) < 



7r(n-yi)£, 7r(y 2 )r?)- EX 71 " ^ • K (y 2 )r), 



Sj^\m\dn 



We also assume Xvl/( n )l^ n / 0' otherwise the conclusion is obvious. Then 
it follows that for any yi G Yi and y 2 G Y 2 



Sr(/)Myi)0> 7^)77)- ^(7r (/)(7r (yi)&), MV2)Vi) 

i=i 

/(n) ^(n,n,yi,y 2 )dn 

/(n) £(n,n,yi,y 2 )eZn + 



< 



< 



r 

|n|<Mi 



+ E 



i=i 



(i) 
< 



|n|>Mi 
e 



Xvl/(n)|dn ^|n|<Af! 



/(n) • (vr(n- 7r(y 2 )r/) 
|/(n)|dn+||e|||M|- / |/(n)|dn 

J n >Mi 



|n|>Mi 

/(n) • (7r (n- 7r (y 2 )»7i> 



<« + IIHI 



3e. 



11(11 N 



i=i 



11(11 Nl 



(1) holds by using Cauchy-Schwarz inequality. Hence the lemma is proved. 

□ 

5.4. Identification between V and V. In this paper, we consider the 
case S = G tx p V and N = V . The dual group V of V can be identified with 
V as follows. Fix a unitary character ( of the additive group of k distinct 
from the unit character. The mapping 

V -> V, v^Cv 

is a topological group isomorphism, where ( v (x) is defined by a;)) and 

s(v, x) = ViXi for v = v i e i an d x = ^i^i in V. Here {e±,e 2 , • • • } is a 
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basis of V (see. [39j Ch II-5, Theorem 3]). Define the transpose r of p(g) 
by 

p{a) T w) = s{p{g)v, w), Vv, w G V, 

and denote (p(5) _1 ) r by p*(g). 

Under this identification, the dual action of G on V corresponds to the G 
action p* on V: 

(5.11) (g ■ £,)(n) = C^(p(ff) -1 «)= C P *(g>(n), 5 G G and »,n6JV. 

Also, the space L^iV) can be identified with the space L°°(y) and the 
associated action of G on L°°(V) is 

(0 */)(«) = /GT 1 • Cv) = /(C^ (s - 1)v ), V/ g L°°(y), \/v £ M 

(5.12) =/(p*(5 _1 )«). 

We will use this identification hereafter. 

6. Analysis of K-orbit 

6.1. Useful notations. We try as much as possible to develop a unified 
system of notations. We will use notations from this section throughout 
subsequent sections. So the reader should consult this section if an unfamil- 
iar symbol appears. In the whole Section [6] we assume p is an irreducible 
representation of G on V. 

1. Let $ be the set of non-zero roots of G relative to D and fix an ordering 
on 3> as described in Section [3] for different cases of k. Denote by <1? + the 
set of positive roots and by A the set of simple roots in <3? + . Let <3?i be the 
set of weights of p relative to D and let A and g be the highest and lowest 
weight respectively with respect to the given ordering on <I>. 

2. Let K be a good maximal compact subgroup in G. Fix a /)(ir)-invariant 
norm | • | on 7. We introduce a norm on End(V): 

\\x\\ = sup{|x(z^)| • 0/v£ V}, for any x £ End{V). 

In what follows, G will denote any constant that depends only on G and the 
given representation p. o{x) (x G X) will denote any map (defined on a set 
X) taking values in V with a uniform bound which depends only on G and 
the given representation p. 

3. Let u + and u" be the sets defined in (j3.2|) . (|3.3p or (j3.4j) under different 
cases of k. Write V = 0V^, (f> € $1 as the weight space decomposition 
of V. We use ir^ to denote the projection from V to the weight space V^. 
Denote by dp the induced representation of p on g^. 

The following fact about <ip is well known: for any 7^ v G and (j) ^ X 
(resp. <f> ^ q), there exist c G u + (resp. c G u~) such that dp(c)v ^ 0. For a 
field of characteristic 0, it is a direct consequence of Birkhoff-Witt theorem 
and irreducibility of dp. 
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4. Define a map r : u + |Ju~ — ?• by taking r(c) to ui if c G W . For any 
finite set ^4 we use %A to denote the cardinality of A. For a finite dimensional 
vector space M over A; and its /c-subspace Mi , a fc-subspace M2 of M is called 
a complement subspace of Mi in M if M = Mi (Bk M2. 

5. Suppose ker(p) p| G s C Z(G). We denote by ^>(lncZ) = ln|V>(t£)| for any 
d £ D and any 1/) G $1. Since X^e*! ^(lnd) = (see ([2]) of Lemma l23jh 
for any a G .D + we have 

(6.1) A(lna)> and ,(lna ) > 2{N ^ 

where is the number of non-zero weights of p in $1. 

dU) of Lemma 12.51 and (|6.1|) imply that there exists m > such that for 
any a G one has 

mA(lna) > ^^(hia)! and mA(lna) > \_. l~0O na )l- 

Suppose A = J^weA where ra w G Q. Hence we see that all ra w > 0. 
Similar result holds for g, that is, g = — X^eA where m'^ > for each 

we A. 

6. Any element in the root lattice has a unique expression where 
G 7L and u G A. Any weight (ft other than A has the form A — Qj w 

(w£ A and c w G N [19]. The express is unique and we call the number c uj 
the length of (ft and denote it by L((ft). Define a function I on simple roots: 
= a u where a w > 1 for each to G A. Naturally, I can be extended to a 
function l\ on all weights: h{(ft) = c^Ooj) if (ft = A — J2 c ^ u - 

l\ is well defined by uniqueness of the expression on root lattice. We can 
choose I sufficiently close to 1 and rationally independent on A such that 
for any (fti ,(ft>2 G $1: 

• if 01 / (ft 2 then h(<fti) j= h{4>2)] 

• if L(0i) < L(<h) then hfa) < h{(ft 2 ). 
l\ also gives an ordering to all weights: 

$1 = {A, 0i, • • • , 0(j)* x _i) = £ : where h((fti) < h{<f>j) if i < j}- 

7. For any (ft G $i\A, let A$ = {c G u + : ker(dp(c)) f| / V^}. Result in [3] 
implies that A^ 7^ 0. Define 

j 

A4 = {(ci,--- ,Cj) :Ci£i f l<j< j, and f| ker(dp(c*)) f| = {0}}. 

Next, we will show that A& 7^ 0. Choose an element from A^ and de- 
note it by ci. Let Vl be a complement subspace of ker(dp(c\)) f] in 
Vj,. If Vl = Vfr that is, ker(dp(ci))n^ = {0}, then (ci) G A4. If 
ker(dp(ci)) f]Vtf, / {0}, there exists C2 G such that dp(t2) acts non- 
trivially on ker(dp(ci)) f] V<j,. Again result in [3] guarantees the existence 
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of c 2 . Then f||=iker(dp(ci))f|^ ^ ker(dp(ci))n^- Let V| be a com- 
plement subspace of f|| =1 ker(dp(cj)) f| V^, in ker(dp(ci)) f| V^,. If = 
ker(dp(ci)) that is, f£ =1 ker(dp(c;)) f| V* = {0}, we have ^ = V$ V^ 2 
and (ci, c 2 ) G -V If f||=i ker(dp(ci)) f] V <f> ^ M we g et 

^ = V} © Vj ©(f) ker(dp(Q)) f| ^) 

and then we repeat this process on D|=i ker(cZp(cj)) f) V^,. Then finally, we 
get an integer j < dim^ V^, subspaces of and C/ G A^, 1 < Z < j such 
that: 

(1) ^nker(d /3 (q)) = {0}, l<l<j; 

(2) C ker(dp(c z )), i > 2 and 1 < I < i - 1; 

(3) nti ker(dp(q)) fl^» = {0}, which implies that ^ = 0^ =1 t£ 

Hence the claim A^ ^ is proved. 

The subspaces V^, 1 < I < j are called the ordered associated subspaces 
of a = (ci, • • • , Cj). Set (Jo = j. For each (ft G $i\A, fix an element 6^, G ^ 
and set §<ft = V°4>- Let 

(6.2) 4= £ ^ 

</>e*i\A 

Then we have a decomposition of V: 

(6.3) f = Vx © V£ © • • • V$f 1 © • • ■ © V] © • • • V* e , 

where Vl., 1 < i < Jt'&i — 1 an d 1 < j < tt(^i) are ordered associated 
subspaces of 6^ . We call the above decomposition an effective decomposition 
of V. Fix an effective decomposition of V . We call these corresponding 
elements b§ = (c^, • • • , c?f ) t/ie associated elements of V. Let 

(6.4) C = min min inf{ |dp(cj>| H" 1 , O^e ^}. 

Property (pQ) above yields that Co > 0. 

For any v G V, denote by the v's component in and if (ft / A denote 
by the u's component in the i-th subspace of V^. With respect to the 
effective decomposition of V, we can define a new norm |-|' on V: 



|f I' = max max Uv\\, \v\\\. 

^*i\AKK|l/ * 



Since all norms on V are equivalent, we have 
(6.5) C _1 H < |f < C\-\. 
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8. Let 



C' n = max max lldpfcj,)!!. 

4><E$i\\l<i<M 9 



Let Mi = max^ (jft^ where 6^ are the associated elements of V. Let [•] 
denote the floor function. Define Mi integer numbers inductively: m = 1 



and rtj 
Ci = maxi^j^Mj n*. 



iif 

Co 



+1 if 2 < i < Mi, where C is defined in (gdj) . Let 



9. Let W = {v £ V : tt x (v) = and § < |v| < f } and let W co = {v+W : 
v €z V\ with |u| < Co}. For any small enough cq > we have a cover of W: 
= i W^' co , 1 < j < (($! - 1 and 1 < i < ((<£,• where VV-^' 00 are defined 
as follows: 

V^.*.«* ={u g V : 7r A (^) = 0, i < |v| < | and |^J < 20^ for all m < j, 



1<1< Mm] 14 1 < 2^. if I < i - 1 and |<4 1 > 0^.} 



where = Cg n\. For simplicity, denote by 9^ n = Q^f^ 1 and 09 = 0. 

We call the above cover the effective cover of W determined by cq. By 
(|6.5p . for each DfW, there exists /, m G N such that |iA | > and then 
it is easy to check u G W :, ' l ' co for some (j, i) if Co is small enough. Hence 
\J j i yV j ^ C0 covers W Co . Set 

= {w + W'*' 00 : w G V A with |v| < 2c }. 

Then we have an open cover of W C() : W co C Uj'.i^c^ 1 ) which is called the 
effective open cover ofW C0 determined by cq. 

Denote by 

Conei(co,s) = {v G V : I^aMI < c$ and \v\ > s] and 
(6.6) Cone2(co,s) = {v G V : |7r e (u)| < Co and |t>| > s}. 

An important step in proving Theorem 11.41 is: 

Proposition 6.1. There exists l\ G N such that for any s > 0, i/co is small 
enough, there is an open cover of Cone\[cQ, s): 

Conei(c ,s) C (J Si 
l<i<h 

such that for each E, t , there are at least [C _1 (cos _1 ) q ] different elements rj 
in K such that 

where q = — (i)W* 1-1 ) and [•] denotes the floor function. Moreover, If 
dimV x = 1, q = -(I)^!' 2 ). 
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Denote by B' the opposite parabolic subgroup to B with the common Levi 
subgroup Cg{D). The ordering on $ determined by B' interchanges the sets 
of positive roots and negative roots determined by B, which means g is the 
highest weight of $1 relative to the new ordering. Hence the above proposi- 
tion applies to Cone2(ao,s). As an immediate consequence, we deduce the 
following corollary which is also essential in proving Theorem 11.41 

Corollary 6.2. There exists such that for any s > 0, if cq is small 

enough, there is an open cover of Cone2(co, s): 

Corae 2 (co, s) C [J Ui 
i<i<e 2 

such that for each Hi, there are at least [C~ 1 (cqs~ 1 Y\ different elements v l j 
in K such that 

p(v})U i P\ P (vi)U i = <b if 1 + 3 
where q = Moreover, If dimV x = 1, q = -(|) {a<1>1 ~ 2) . 

Before proceeding further with the proof of Proposition 16.11 we prove 
certain facts about p(A)-orbits of W Co , and these facts ultimately lead to 
the proof of Proposition 16.11 

6.2. Analysis of A'-orbits of W Co . Fix a weight (f>g G < I ) i\A. Suppose the 
associated element of V for the subspace V^ t is a = (ci, • • • , cj^) G A$ t (0 
of Section [fTTj) . Let aj = r(Cj) (jUof Section IBTTj) and let 

(1) ki = ti + TQti, 1 < i < %(f>i and t £ 1 with |i| < 1 when k is 
archimedean (see (J3J) of Remark I3.2p ; 

(2) ki = Ci, 1 < i < jj<^ an d t £ k with |i| < Iql' 7 when A; is non- 
archimedean (see Remark 13 . 5[) . 

Fix 1 < i < §(f>£. We consider 

(6.7) X t = exp(tdp(ki)) and X' t = exp(tki). 
Clearly, X[ G K . Since 

(6.8) p(X' t ) = p(exp(tki))= exp(tdp(ki)) = X t , 

Xt G p(A). (]6.8p is clear for archimedean; and see Proposition 12.21 for k 
non-archimedean. 

As a first step towards the proof of Proposition 16.11 we prove: 

Lemma 6.3. For any v G W,? l (0 of Section \6.1\) . we have 

\t\cl /3i - C\t\ 2 - 2Cc 1 /3(e ~ 1) , W% + W^- 1 ^ 

l Co \t\ - C\t\ 2 - 2Ccl /3mi ~ 2) , Vt# = W^- 1 ^. 
8 

Here n^+ai ^ s defined in [5] of Section \6.1\ 

Proof. The proof contains two parts: we will give detailed description of 
X t -orbits in y\A> l,C0 and j9] of Section 16. ip respectively. 



Qi (X t v) 
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1. Analysis of X t -orbits in W e ^ c ° . 

For any v G W e,hCo write 



(6.9) 



We will consider Xt orbits for V2, ^3, ^4 and respectively (see notations 
in [7J of Section I6.ip . Using (|6.8p we see that X t has the form 

(6.10) X t = exp(tdp(ki))= Y.^T l t ] dp{hy. 

Notice that for any \ £ if 7T (t>+a i \dp(kiyv^ where v G U x , then 
(j) + cti — x = l&i, — j < I < i- Hence we have 

(6.11) tt^+o^ia,) = i 2 o(^ 3 ,i), ([2] of Section EB. 
For any v G we find that 

0<j<l 

i>2 

= tir^ +ai (<ip(/c i )t>)+t 2 |i;|o(|'u|" :L t>, f) 

(6.12) = t7T^ +ai (dp(c j )t;)+t 2 |u|o(|ur 1 t; J t). 

Using ([2]) in [7] of Section 16.11 we see that dp(ci)(wi ) = if j > i. In 
particular, dp(q)(i/2) = 0. It follows from (|6.1ip and (|6. 12[) that 

ir < f >+at (X t (i' - vi)) 

(6.13) = tTr^ +a .(dp(i^)ul^+tn^ ai (dp(ci)u^+t 2 o(u,t). 



2. Analysis of Xj-orbits in W^'. 

For any f G W^ l ' c °, any /x G V\ with < 2cq, we have 



7T«£ +aj (X t (z/ + /x)) 

TX^^iXtiy - Vi)) + ■K ( j >+ai (X t (l>i)) + 7T^ +ai (X t (/i)) 



(6.14) 



where v\ is as defined in (16. 9p for 1/. 

Since X 4 G and /c(K) preserves the norm |-| on V (see [2] in Section 

16.11) we have 



3.15) 



^4>+a i {Xt{fi))\< X t (p) = \p\ < 2c . 



From definitions of 9 1 , (see [9] in Section 16. ip we see that 



3.16) 



< 



1 1 ^ r> i/s^- 1 ' 



24 UNIFORM POINTWISE BOUNDS 

Then it follows from IETI31) . <KW\ . (lQ5l) and (|6TTH]l that 
vr^ +ai (Xi(zy + ^)) 

^+ ai {X t {v - Vl)) - TT^+a^Xtiui)) - ■K tj>+ai (X t (p)) 



> 
> 



-C\t\ 2 -Cc 



1/3(^1) 



2c 



(6.17) > |t|(C |*il - C N)-C|t| 2 - 2Cc 

(Co is in (|6.4p and C' Q and rii are in[S]of Section IBTTj) , 

Case 1. W% + W^ 1 " 1 ^ 
From (|6.17p one has 

n<t, +ai (X t (v + fj,))\ 

> Cq /3 \t\(C ni - ^2C n j )-C|t| 2 - 2Cc 



1/3CH) 



By definition of nj, it follows that 



.18) 



> \t\c 



1/3* 



C\t\ 2 - 2Cc 



l/3(«-l) 



Case 2. = W^ 1 ' 1 ' 68 
Note that now Izi* 1-11 ^ 1 



> |. Also from (jSTTjl . one has 



7r^ +ai (Xt(z/ + /x)) 
1 
4 



- C \t\*-2Ccr mi - 2) 



.19) 



>ic |t|-C|f-2C c r Sl "^ 



1/3(8*1-1) 

here we use the fact that jCq — Cc > gCo if cq is small enough. 

Hence we finish the proof. 

□ 

Next, we will consider disjoint p(K)-orbits of W CQ . 
Lemma 6.4. Suppose cq is small enough. For each , there are at least 

' -l — 1 /3 £ 1 

C Cq different elements Tj in K such that 

If <p = [j^i — 1 and i = $g, we can improve this number to 
Proof. 
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Case 1. W# ± Wl* 1 " 1 '^ 

For any v 6 Wf'* , using Lemma 16.31 and relation (|6.8p we have 



■K<j, +ai (X t (v) 



-3Cic 



1/3(^-1) 



-3Cic 



1/3(^-1) 



> t C, 



(6.20) 



1/3* 
3 



C|t| 2 - 2Cc, 



1/3^-1) 



3Cic 



1/3(^-1) 



C|t|)-(2C + 3d)4 



1/3^" 



Here Ci is in [8] of Section 16.11 



It follows that 



-3CicJ /3C< 1} > if 



(6.21) 



(4C + 6Ci)<$* < \t\ < \C- I c l f 



Case 2. = Wl* 1 " 1 '^ 



For any u G W|f using Lemma 16.31 we have 



TT4, +ai {p{X' t )v) 

ir^+aXXtiv) 



-3Cic 



l/ 3 (tt0-2) 



-3Cic 



>Ic |t|-C|f-2Cc^" 2) -3C lC r" 2) 



|t|(ic -C|*|)-(2C + 3C 1 )cJ 



1/3(80-2) 



Then for small enough cq, 



T^+a i (p( J Ht) t ') 



I/3W-2) . 

-3Gic > if 



,_1 l/3«-*- 2 ) 



(6.22) 16(2C + 3C 1 )Cq L c 1 / " ' < |t| < cti, 

here o\ is small enough that t — > X' t is injective if \t\ < <J\. 



Since 



< 2C 1 c 1 /3(e 1} for any w £ W%}, (jOTj) and (^221) imply 



that if cq is small enough, then for any v , w € W, 



Co 



7T, 



> 



if 



(6.23) 



By 



[ 16(2C + ^C^cl 1 ^^ < \t\ < at, 



co c 

When is archimedean, let 

(1) to = (4C + 6Ci)co /3 ' and n = [iC" 1 ^ + eCi)- 1 ^ 1/3 "] if / 
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2) t = 16(2C+3C 1 )C,7 1 Co /3<f0 2) andn = [(32C+48Ci)- 1 C ^ic ( 



-1/3(80-2)- 



if W 1 '* = Wfl*!- 1 '^ 



Then for any < £\ ^ £ 2 < no, it follows from (|6.23|) that 
p(exp(t (4- W)^f| W ^ 

which implies that 

p(exp(t £ 1 k i ))W^f]p(exp(t £ 2 k i ))W e c ' ( ; = 0. 

Let Tj = exp(tojki) = X' to - where < j < no, then smallness of Co guaran- 
tees that these Tj are pairwise different. It is clear that these Tj satisfy the 
requirement. We have thus proved the case for k archimedean. 

Now suppose k is non-archimedean and 7^ Wl* 1 ^ 1 '^. For any < 

l/3 f 

Co < 1 there exist \q\ < rjo < 1 and Zo £ N such that c = \q\ z °rjo- Choose 
the smallest m £ N such that \q\~ m > max{4C + 6C1, 2C}. 

Any element in O can be written as a power series bo + b\q + b 2 q 2 + • • • 
where the 6's are Teichmiiller representatives which are together with the 
group of — l)st roots of unity in k. Denote by = {X^fS^+m fyq-*}- 

It is easy to see that for any t\ 7^ t 2 £ Q^i, i = ii — 1% satisfy the condition 
(I6.2ip and hence it follows from (|6.23)) that 

p(exp((t l -t 2 )k i ))W^P\W^ i 

hence we have 

p(exp(t 1 k l ))W^f]p(eMt2ki))W e c ': = 0. 

Let Tt = exp(tki) = X[ where t £ Qn then these Tt satisfy the requirement 
and are pairwise different (see (|2.ip and (|2.2p ). Moreover, the number of 
these Tt is 

I 12 -1/3* 

V[Q . - | |-(«o-am+l) > |„|2m -1/3* > |g| C Q 

If yftfi = w|*i-i>fe. There exists z x , z 2 £ N and \q\ < m < 1 such that 

1/3(00-2) 

M°i < \q\ Zi — a i an< i c o = M Z2? 7i- Choose smallest m\ £ N such that 

|g|" mi > 16(2C + SC^Co 1 . Then we consider Q m ,- UQ = {Y^fj™ 1 b jq j }. 
Similar to earlier arguments, tt<3tt*i-i,tte gives the number of different T t . 
Also we have 

$Qm-n e = M- (Z2 " 2l ~ mi+1) > \ q \ M c- 1/3te ~ 2 

> \q\ 2 criCo -i/3»f- 2 
- 16(2C + 3C*i) C ° 
Then we finished the proof for k non-archimedean. 
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□ 

We are now in a position to proceed with the proof of Proposition 16.11 
6.3. Proof of Proposition 16.11 If k is archimedean, let 
Conei(co,s)' = j-j— ^ : v G Conei (co, s)j; 

if k is non-archimedean, let 

Conei(co,s)' = {vq~°^ : v G Conei(co, s)}. 

where o is the normalized valuation of k (for the uniformizer q). It is clear 
that elements in Conei(co, s)' are of norm 1. 

For any v G Conei(co, s)', write v = v\ + vi where v\ G V\ and Vi G 
Y^i/j^xVip (see [3] of Section RTTj) . then |t>i| < cos -1 and 1 — cqs^ 1 < \v%\ < 
1 + cqs^ 1 . If Co is small enough (relative to s), then cos -1 < |, which implies 
f < 1 < |- Then we see that Conei(co,s)' C W cos -i. 

Lemma [631 implies that there is an open cover of W Co <,-i C Ui=i (A) is 
defined in (|6.2p ) and for each y^, there are at least [C _1 (cos -1 )' 1 ] different 
elements rj G K such that if I ^ j 

(6-24) P(r l j )y i f]p(r l e )y i = ^ 

where q = -(i)^" 1 ); and q = -(I)«*i- 2 ) if dim ^ = 1. 

It is clear that Ui=i«Vj is also an open cover of Conei(co, s)'. When is 
archimedean, let 

Si = {tu : v G X and i G 
when is non-archimedean, let 

£i = {q n v :v G 3^ and n G Z}. 
It is easy to check that the sets £j, 1 < i < £o are open and 

(6.25) Conei(c ,s)cU4 

i=l 

It is now fairly clear what one has to do. We have to prove the following: 

(6.26) P {rj)S i ^] P {Ti)£ i = $, i^j. 

Indeed, if it is not true, then there exist x\ ,X2 G 3^ and t\ ,£2 G K + (resp. 
ti , £2 G {<Z n : n G Z}) such that p(Tj)(tixi) = p{ri){t2X2)- Since p{K) 
preserves the norm on V (see [2] in Section I6.ip . |£i| = \t2\, which gives 
t\ = £2- Then it follows that p(rj)(xi) = p(re)(x2), which is a contradiction 
to tfo?2M . Then we thus proved (|5^|> . It is clear that (IB351) and (IB361) 
imply Proposition 16.11 
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7. MATRIX COEFFICIENTS OF G X p V RESTRICTED TO G 

In this part, the basic ideas circ cis follows: 

(1) The crucial step in proving Theorem 11.41 is Proposition 17. 11 When p 
is irreducible, we analyze unitary representations of G K p V without 
non-trivial Infixed vectors, and show an upper bound of iT-finite ma- 
trix coefficients on G for a dense set of vectors. There are four steps 
in proof of Proposition 17.11 step 1: reduction to consider projected 
matrix coefficients by using the deformation of K-orbits on V under 
the action of maximal fc-split torus; step 2: once only the A-orbits 
are mattered, we can consider the restriction of the representation 
on K Xp V, which is weekly contained in its regular representation, 
and then Lemma 15 . 2 1 allows the reduction to the consideration of the 
regular representation; step 3: using central idempotents in L l (K) 
to reduce to the consideration of A-fixed vectors; step 4: using dis- 
joint iT-orbits to get upper bounds of matrix coefficients on G for 
-fT-fixed vectors. 

(2) The upper bound in ([T]) shows that there exists p > such that the 
G matrix coefficients are strongly L p+e for all e > 0; and by the work 
of Cowling, Haggerup and Howe [9] (see Theorem 2.5), we have a 
passage from a uniform L p -bound to a uniform pointwise bound. 

(3) For general p, there are two steps in our proof: step 1: reduction to 
the case of p irreducible if the unitary representation is irreducible; 
step 2: reduction to the consideration of irreducible representations 
by using a Howe's trick (see Proposition 14 . 6p . 

7.1. Projected matrix coefficients for A'- finite vectors. Recall nota- 
tions in [I] of Section [6.11 Suppose p is irreducible and excellent on V. Then 
we have: 

Proposition 7.1. Suppose K is a good maximal compact subgroup of G. 
Let n be a unitary representation of G K p V on a Hilbert space % which 
contains no non-trivial V -fixed vectors. Then there is a dense set of vectors 
£, rj in Ti such that if a £ D + and g = k\aujk2 G KD + FK = G (recall 
F = {e} for k archimedean) , then 



Moreover, If dmxV x = I, q = -(i)^ 1 " 2 ). 

Proof. Recall notations in Section 15.41 We first claim that p* is also an irre- 
ducible representation of G on V. Indeed, if not, we find a p* (G)-invariant 
proper subspace / W C V. Let 



(7.1) 



where C„ c is a constant 




W ± = {veV: w) = 0, for G W}. 
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It is clear that W / and is a proper subspace of V. For any w G W, 
v G W ± and g G G, we find that 

S{p(g)v,w) = s(v, {p{g- 1 )- l Yw)= s{v,p*(g- 1 )w)= 0. 

Then W ± is p(G)-invariant, which contradicts the assumption that p is 
irreducible. 

Denote by Gi the non-compact almost /c-simple factors of G. We also 
claim that p* is excellent. If not, let v ^ be a /9*(Gj)-fixed vector for some 
i. By earlier arguments, w -1 " is also a p(Gj)-invariant hyperplane in V. By 
complete reducibility of Gi, we find a 1-dimensional p(Gj)-invariant comple- 
ment {tw : t G fc} of V -1 " . Then for any h £ Gi there exists a homomorphism 
t : Gj — > such that p(h)w = i(h)w, and thus we have 

i(h)s(w,v) = q{p{h)w,v) = q(w, p*(h~ l )v)= s(w,v), Vh G Gi. 

Since s(w,v) ^ 0, t is trivial on and then we see that {tw : t G k} 
is fixed by p(Gi), which contradicts the assumption that p is excellent. In 
the expression of let {ei, e2, • • • } (see Section [573]) be composed of vectors 
from weight spaces, then we see Ai = — g and Q\ = — A where Ai and £>i are 
highest and lowest weights of p* respectively. 

* Reduction to consider projected matrix coefficents. We assume notations 
and constructions in Section 16.11 with respect to the irreducible representa- 
tion p* . For a number s > 1, set 

(7.2) X s = \v eV :- <\v\ < s\. 

1 s ' 

Let {Px} be the projection- valued measure associated to IT on V. The 
assumption that there are no non-trivial T^-fixed vectors implies that Pq = 0. 
For any s > 2 choose f s G <S(V) such that 

(7.3) < f s < 1; and / s = 1 on X s -i and / s = on V\X S . 

f s can also be viewed as functions in <S(V) by the identification between V 
and V (see Section E~H) . Since V\{0} = {Js>2 X s, from (pT3|) and (joTTj) we 
see that 

(7.4) 2(/ a )u ->■ v as s -> oo, Mv £%. 

Since the if- finite vectors of II are dense by Peter- Weyl theorem and a matrix 
coefficient 4> v £ depends bilinearly on £ and 77, it will be enough to prove (|7.ip 
when £ and 77 are if- finite vectors of length 1. Moreover, from (17. 4h it will 
suffice to prove (I7.ip for vectors Il(/ S )r/ and II(/ S )£ for s arbitrary. 
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Now consider the matrix coefficient dy^., . c;,, ..(fcawfe) where a G D 
oj £ F and fci, & 2 G By using (|5.9p we have 



;n(A; 1 aa;fc 2 )n(/ s )7 7 , n(/,)£ 

;n(a^)n(A; 2 * / s )n(fc 2 )7?, n(fcr 1 )n(/ s )^ 
'n^n^ * / s )n(fc 2 )7?, n(fcf 1 * / s )n(fcr 1 )e 



Let 

(7.5) g s = k 2 *fs, h s = ki 1 *f s , r,' = U(k 2 ) V and £' = U{k^)C- 

Notice that the norm | • | on V is p* (K) invariant ([2] in Section I6.ip . Then 
for any k G K and s > 2, from (|5.12p we see that k * f s also satisfies (|7.3p . 
Especially, g s and /i s satisfy (17. 3p . Also, 77' and £' are K-finite vectors of 
length 1. 

Further computations by using (15.51) . (15. 6p and (15. 9p show that 



J Xl(f 3 )r,,n(f s )Z 



(kiauk 2 



n(aw)n(( 7 |)n( 9 J)7 ? / , n(h.)? 

u((au)i.gl)ll(aoj)fi(gl)r,', 11(h.)? 
n(aa;)n(s)>/, fi((aw) * gj)U(h a )? 
U(aoj)U(gi)r]', n((au)) * gj ■ h a )? 
U(ow)U{gj)rf , U(hl)Il((aLj) * gl ■ hl)^ 
U(hl)U(au)U{gl)ri', 3((aw) * 5 I • h])? 
n(aa;)IT((aa;)- 1 */i!)n( 9 J)7 ? / , 9((aa;) * 5 f • h$)£ 
U(au)U({au)~ l -kh} - pl)^', n((aw)*sJ - hi)?). 



Then it follows from the Cauchy-Schwarz inequality and the unitarity of LT 
that 



'n(/ s )r?,n(/ s )f 



(kiauk 2 )\ 



< 



(n(aw)ff((aw)~ 1 */tf -^1)77 



II Uau))*gi - hi e 



1 i s 
2 W 



(7.6) 



III (aw) 1 *fef • a#W 
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UUau) 1 -kh'i-gl)r] 



and 



Next, we will get estimates of 
respectively. 

** Reduction to consider action of the regular representation. Note that 
K Xp V is an amenable group. Recall the well known fact that any unitary 
representation of an amenable group is weakly contained in its regular rep- 
resentation (cf. [30j Chi, 5.5.3]) or [iQl Proposition 7.3.6]. Hence IT viewed 
as a unitary representation of K K p V is weakly contained in the regular 
representation A of K K p V on L?(K x p V), with norm and inner product 
denoted by ||-||2 and ( , )2 respectively. Let dn, dn and dxi be the normalized 
Haar measures of K, V and V respectively so that f K dk = 1 and dn and dxi 
are as stated in Theorem 15.11 Since p{K) C SL(V), dxxdn is a bi-invariant 
measure oi\Kk p V . As Kt< p V is unimodular, the bi-invariant Haar measure 
ds of K ix p V can be normalized so that 

/ f(s)ds= [ [ f( K n)dxidn, VfeC c (K* p V), 

JKtK p V JKJV 

where C C (K ix p V) is the space of continuous functions on K ix p V with 
compact support. For any /(ren) G L 2 (Kk p V) (resp. /(kxX) G L 2 (K x p V)), 
we use f(n-) and to denote the Fourier transform and inverse 

Fourier transform on factor V (resp. V) respectively. 

We now make a slight digression to state an important proposition (see 
[9]), which allows us to consider matrix coefficients of n (resp. A) restricted 
to H p (resp L 2 (K x p F) p )-isotropic subspaces for any if-finite vector \x. 

Proposition 7.2. Let T be a unitary representation of a compact group K 
and let \x be a K-finite vector o/T. Denote by H p the span ofT(K)fi, which 
is finite dimensional. Then there exists a unique function e p in C(K) so 
that 

e M * e p = e p , T(e^)/z = /i, and d p = dim(spanT(ilQ)u) = ||e p |||. 
We now consider the projected matrix coefficient 
<A n : (x,y) -> (n((aw)- 1 *hj -gi)U{x)r/, U^au)- 1 * hj ■ gl)U(y)rf 

Then from the proposition, there is a self-adjoint projection e„i G C(K) so 
that 



e v ' * 4> n * e v ' 



n((aw)- 1 * h s ■ 5s )n(x)n(ey )r/, U{y)U{e^)n' 



Since n is weekly contained in A, using Lemma [5.21 we can approximate n , 
uniformly on compacta, by sums of projected matrix coefficients 

4>f : (x, y) -> (^{(auj)- 1 * h s • g s )A(x)rn, A(y)rji 
satisfying the condition that 5^=1 II III — II 7 ?'!! 2 - 
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Since e„i has compact support, and further A(ey ) is a projection, we can 
approximate </> n by sums of projected matrix coefficients Ya=i e v' *<f>t * e v' > 
where 

e n > *(f)f * e v > = (A^auy 1 * h s ■ g s )A(x)A(e^)rji, A(y)A(e^)r] 1 

and 

n 

A(e7)?7, 



V II 'l|2 



Consequently, to get the estimate of <ft n (e, e), where e is the identity in 
K K p V, it will suffice to get the estimate of Ya=i W ( e > e )> f° r <V *Vi = Vi 
for each i, subject to X^ill^illi — \W\\ 2 - 

We end this part by proving the following fact which is useful in the next 
step: 

(7.7) rji{Kn) = erf * fji(Kri) for each i. 

For any /(/en) G C c (if K p V), we have 

(erf*Vi, f) 2 = {A(erf)rjl, f) 2 = (rji, A(e^,)/) 2 

= <W, ^*/> 2 ( = ) (r ?i ,-F(e^*/)> 2 

® (i*. ej*^(/)) a = (f», A(#).F(/)) 2 
= (A(e^)r/i, T{f)) 2 = (e^*rn, .F(/)) 2 

ffl <-,„ ^(/)> 2 ( S <«, />,, 

which proves (|7.7p since the set of such / is dense in L 2 (K tK p V). 

(1) follows from (|5.ip ; (2) and (5) use Plancherel's theorem; (4) just uses 
the fact that ey * rji = rji for each i. To show (3) it suffices to show that 
J-"(e^/ * f) = ei, * T(f), which follows from a simple computation by using 
Fubini's theorem and by noting that e„/ is a function on K while J- is on 
factor V. 

I* Reduction to the consideration of K-fixed vectors. Now we define left 
if-invariant functions r]i, 1 < i < n by the formula 



r]i{Kn) = sup 

— u&K 



r H [uKn l 



V(«,n) G K x V. 



Next we will show r]i G L 2 (K k p V), 1 < i < n. It follows from (|7.7D that 
r]i{uKn) = eJ * rji(uKri), Vu G if. 
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Then by Proposition 17.21 one has 



rn(uKxi) 


<\\e*h(f K 




2 \ 
dv) 











< d 2 
- %' 



K 



dv 



whence 



Also, we see that 



77i(mt) < d*A / \r]i(uKxi) 



K 



dv 



j J_ rji(Kxi) 2 dndnj <d 2 ,(J^J_J^ rjl(vKxi) 



dvdndn] 



4( 



K JV 



K JV 



r]i(vn) 



dndi 



dndv) 



(7.8) 



Here (1) follows from Plancherel's Theorem. 

Set rfi = J-(rii), 1 < i < n. It is clear that rfi are also left K- invariant 
functions. Also, using Plancherel's Theorem and (|7.8p . we see that 



\mh = \\Hm)h 



(7.9) 



K JV 
2 



dndu 



KJv 



|%(kH)| dndKj <^,||?7i||2- 
Denote by F s = (aw) -1 * h s ■ g s . For any 9, t? G L 2 (K t< p V) we have 
(A(F a )6,ti) = ( Fs(n) I I 9{vT 1 Kv)'d{Kv)dvdKda. 

x 2 JV JK JV 



Recall notations in Section [5.31 one has 

Here we add a comma between two variables to avoid confusion. Denote by 
f KV (n) = 9(n~ 1 Kv), then 

/*,„(n) = 9(k,{-k- 1 -n))-^- 1 -n)(i;). 

Let i? m (««) = $(kv) if |v| < m, otherwise set t? m (Ku) = 0, then 

(7.10) lim||i? m - 1?|| 2 ->- asra^oo. 



3-1 
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Using these notations and noting that F s £ <S(V) we have 



A(F s )8,$) 2 = Km{A(F s )9,$ m/2 



(i) 



(2) 



lim 



lim 



K JV 



K Jv 



lim 

m 

lim 



K JV 



■& m {Kv) / F s (n)f KV (n)dndvdn 
Jv 

$m(Kv) I F s (n)J R)V {n)dndvdK 
Jv 

"9 m (Kv) I F s (ti)Q(K, —k" 1 ■ n)-(K _1 • n)(v)dndvdK 



k Jv 



i?™,(ct) / F s (k ■ n)9(n, — n) • ri(v)dndv dn 



(3) 



lim 



V JK 



F s (k ■ n)0(re, — n) / "d m (Kv) ■ xi{v)dvdK,dn 



v 



lim/ / F s (k ■ HWk, — n)?? m (K, — n)dndn 
m Jk Jv 



lim/ lF s {—K-n)9{Kn)ft m {Kn)dndti 
171 Jk Jv 



(i) 



K JV 



F s (—k ■ n)9(Kn)fl(KX\)dndK,. 



Since F s , $ m G ^{V) C\L 2 (V) and i? m has compact support, (1) and (3) 
hold by using Fubini's theorem; (2) follows from the polarized form of 
Plancherel's theorem; from (|7.10p and Plancherel's theorem one has 

lim||$ m — 1 1 2 — > as m — > oo, 

which implies (4). 

Consequently, for rji, 1 < i < n we also have 



A(F s )rn,r)i 



K Jv 



< 



K Jv 



F s 2 (-K-n)rj~i(Kn) 
i 

F s 2 (-K -tt)7/i(Ktt) 



dndn 



dndn 



F/(-K-n)^(7B)(«n) 



(7.11) 



K JV 

A(F s )T(rn),T(rH 
A(F s )rfi,rfi 



dndn 



** The K -fixed vector case. In this part, we will get estimates of A(F S 2 )r)i 
for each i. Note that 

supp(F s 2 ) C supp^aw)^ 1 * ^ S )P) supp(<7 s ) and 



suppnoo;) * gi ■ /if J C supp(aa; * 5s)P) supp(/i s 
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then by using (j5.12[) and condition (|7.3f) we see that 

supp(F/) C p*((au;)- 1 )(X s )f]X s and 

supp((aw) *gi • /il) C p*(auj)(X s )f]X s . 

Recall notations in [3] of Section IfTTl Since F C Cg(D) (see Lemma l2T3j) . we 
have 

P *(cu J j)(X s )r]X s = {ueX s : S - 1 < p*(oj- 1 )(Y, ^ _1 WM)<s} 
and 

p*((au:)- 1 )(X s )f]X s = {i/el s : s' 1 < p*(u)( £ < a}. 

Using the equivalent relations between norms (see (|6.5p ) and finiteness of F, 
wc sec that the set p*{au)(X s ) f]X s and p*((aw)- 1 )(X s )f)X 3 are contained 
inside 



and 



E\ = \u £ X s : max ^(a l )TT^,{y) < CC 2 s\ 

£■2 = S X s : max ipfajTr^fu) < CC 2 s\ 
L V>e<J>i 

respectively. Here C2 = maXj, a .-i g ^|| i o*(x)|| (|2lof Section 16. ip . 
Furthermore, we see that E\ and E2 are contained in the strips 



Si = 


{v£X s : 




< CC 2 s 


Ql(a) | and 


s 2 = 


{v G X s : 




< CC 2 s 


Ai^ 1 ))} 



respectively. Since p* is excellent, ker(/9*)P|G s C Z(G). Then [5] of Sec- 
tion [6J] implies that for a G D + with large |a|, |gi(o)| and |Ai(a _1 )| are 
small. Hence it follows that p*(aoj)(X s ) f| X s and p*((aw) _1 ) (X s ) f| X s will 
be contained in the cones (see (|6.6p ) 



(7.12) Cone 2 ( CC 2 s\g 1 (a)\, s' 1 ) and Cone 1 (CC 2 s\\i(a- 1 )\, s' 1 



respectively. 

By Proposition 16.11 if \a\ is large enough, there is an open cover of 
ConeifCCaslA^a- 1 )!^- 1 ): 

(7.13) 



Conei (CC 2 s \ \ x (a -1 ) | , s" 1 ) C |J £j 

i<i<^i 



such that for each £j, there are at least [C 1 (|Ai(a 1 )|CC , 2S 2 ) C '] different 
elements rf in X such that 

(7.14) p*(r/)^n^(^)^ = ^ if ^- 



:>>(> 
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Choose a partition of unity subordinate to the open cover Ui<i<^ £j °f 



supp (F s 2 J , then we can write 
(7.15) 



i<j<ei 



where Wj G S(V) 



with ||wj||oo < ll-^s 2 ||oo an d supp(wj) C Sj for each j. 

For any k £ K and rfi, 1 < i < n using (|5. 12j) and the left K- invariant 
property of £j we find that 

A(n)A(wj)(rfi) = A(K*Wj)A(n)(rfi) = A(n*Wj)rfi, 

and so 

(7.16) p(u>i)(»fc)|| 2 = \\A(K)A( Wj )(jH)\\ = \\£(K*Wj)rH 
On the other hand, from (|5.12p and (|7.15p one has 

supp(«; ★ Wj) C p(k)* (supp(uij) J C p{n)*{£j), Mk G K. 
In particular, for r? it follows from (|7.14p that 

(7.17) supp(r/ ★ wj) P| supp(r/ ★ Wj) = 0, if £ ^ Z, 
which means for any #, i9 G L 2 (K K p V), if £ ^ I then 

(7.18) (A(r/ * Wi )0, A(r/ * ity)*?),^ (A(V ★ Wj • r{ ★ Wj)0, #) = 0. 



Here (1) follows from (|5.5|) and (|5.6|) . Set 



7f ★Wj", 



for any 1 < j < 



then ([USD and (177T71) imply that \\yj\\oo < \\F S 2 ||oo < 1, for any 1 < j < 4. 
Then it follows from (15.41) that 



(7.19) ||A( yi )||<l, for any 1 < j < l x . 

Therefore, (I7TTBT) and (I7TT8|) mean that 

is an orthogonal decomposition of A(jjj)(ffi) into vectors of equal length; 
combined with (|7.19p it follows that 



(7.20) A( Wj )(?H) 



for any 1 < j <l\. 



A (Vj)(Vi 



< 
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(I7.15P and (|7.20p also imply that for any 1 < i < n, 
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(7.21) < Cii{CC 2 s 2 Y^i(a)\^ \m 2 2 . 

Using dE2J, (17X0 and (jT^Tjl we get 

(A(F s )»K } »fc) a < (A(F s )rfi,?H) 2 

= (A(F?)th, k(Fj)Tf>)= \K(Fl% 

Then one has 



i=l i=l 



2^ 

l||2, 



*** t^per found o/ (/)~^^ f ^(k 1 auk 2 ) 



. In ** we have showed that 



i i 



n (aw)-- 1 */*! -^w 



2?=i <^f( e ) e )) then we finally get 



is the limit of sums of projected matrix coefficients 



(7.22) 



n((ao;)" 1 *hi ■ gi pi 



< Ct l {CC 2 s 2 )—2<P ri ,\\i1\\ |Ai(o) 



On the other hand, for the projected matrix coefficient 

^ : (x,y) -> (n((ow)* 5 ) •fclJnCx)^ fi((aw) * ff) • /i|)n(y)^' 

'n((auj)*g s -h s )n(x)z', n( y )e' 

and its approximation, uniformly on compacta, by sums of projected matrix 
coefficients 

^ A : (x,y) -»• (A((aw)* 5s -/i s )A(x)&, Afo/)^, 

satisfying the condition that X^=ill£illl — ll£'ll 2 > since £' ia also K- finite, 
analogous results in ** and ** are true for ■0 n , ipf-, £, and where & and 

£i are defined in a way analogous to how rji and rfi are defined respectively, 
i i 

Let H s = (au) * g£ ■ hi . Then arguments in ** show that 

supp(i7j)c Cone2(CC2s|^i(a)|, s _1 ) if \a\ is large enough; 
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and Corollary 16.21 gives an open cover of Cone 2 \CC 2 s\gi(a)\, s^ 1 

Cone 2 (CC 2 s\Q 1 (a)\,s- 1 )c \J Uj 

i<j<e 2 

such that for each Uj, there are at least [C" 1 (|^i(a)|CC 2 s 2 ) q ] different 
elements vj in K such that 



p*{vl)U^p*{vl)U 3 



Hence we see that analogous results in ** are true for <|A(.£f s )£j, and 
A(H s )^i, £j\ . Then it follows that 



i=l 



i=l 



for any n as well. Since ^ n (e,e) = 
by X)f=i W' ( e i e )> then we finally get 



(7.23) 



n((ow) ★si • < ce 2 (cc 2 s 2 )-2 4 ne'l 



is approximated 



01 (a 



It follows from (USD, (17321) and (I7T23]) that 



^n(/ s ),,n(/ s )C (A;iawA;2 



< C^CC^s 2 )"^^!^'!! IIVII lA^^giCa- 1 ) 



From (|7.5p we see that = d^/ = d v and ||£'|| = ||£||, ||r/| 
use Ai = —0, Q\ = —A, then 



|r/||; and 



J n(f s ) v ,n(f s )t; 



(k±au!k 2 



< Chl 2 {CC 2 s 2 )-*d%dnfi\\ \\-n\\ X(a)g(a- 1 ] 



Hence we finished the proof. 



□ 



In (|7.ip . the upper bounds of the matrix coefficients depend on the choice 
of K- finite vectors. Our next task is to show the uniformness of the upper 
bounds. 

7.2. Uniform bound for i\-finite matrix coefficients. 



Corollary 7.3. We assume notations in Proposition \771\ Then H is \K, t 
bounded on G where m > £i£^£il_ 

Proof. We assume notations in the proof of Proposition Ell At first, we will 
show the following: there exists p > such that n is strongly L p+e . Let 
A denote the set of simple roots of G. Then the modular function can be 
written as 6b (a) = ]lajeAl w ( a )| m " ( see (14. ip ) for any a G D°. Proposition 
17. II and Lemma l4~3l show that getting an upper bound for p such that (j> Vt £ € 
L q (G) on a dense set of vectors £ and rj in H for any q > p boils down to 
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a matter of comparing the coefficients of each simple root in (Xg 1 ) 2 with 
those in the modular function 5b- That is, set A($i) = — |(A — g), then 

f the coefficient of w 7 - in 5b 

(7.24) P > P{a>Vt9l) = ma* | the coefficient of ^. in A^) 

where {u)±, ■ ■ ■ ,uj n } is the set of simple roots of G. From[5]of Section [BTT1 we 
see that prGy,§{) < 00 > which means the existence of such p. 

By Theorem 14.41 we have a passage from a uniform L p -bound to a uniform 
pointwise bound, that is, let m be any integer such that 2m > P(g,v,^> 1 )- ^ 

Now we are ready to prove our main result. 

7.3. Proof of Theorem [T74l For p irreducible Theorem 1 1 . 41 follows directly 
from Corollary 17.31 Next, we consider general cases, i.e. p is not irreducible. 
Since char k = 0, then by full reducibility of semisimple groups there is a 
natural decomposition of V under representation p: V = @f = {Vi such that 
for each i, Vi is an irreducible representation of G. Denote the sets of weights 
on each Vi by <&j and denote by Aj and gi the highest and lowest weight of p 
respectively for each $ j , compatible with ordering of the root system of G. 
As showed in the proof of Proposition 17. 1\ p* is also irreducible and excellent 
on each Vi, 1 < i < N; and the highest weight A^ and lowest weight g\ of p* 
on each Vi are equal to — gi and — Aj respectively by a good choice of basis 
of V.. 

Now suppose IT is irreducible. Denote by % be the attached Hilbert space. 
For each 1 < % < N, let %i = \v G H : v is fixed by Vi}. For any v G Vi and 
any s G G tK p V, note that s~ 1 vs G Vi, then 

(7.25) n(u)(n(s)z/) = n(s)n(s" 1 us)i/ = n(*)i/, g ^, 

which implies that Tii is G t< p V- invariant. Hence Hi = or Tii = %. Since 
there is no non-trivial V- fixed vectors, there exists a nonempty subset E of 
{1, • • • , N} such that Hi = if i G E. For any i G E, II can be viewed as 
a representation of G K p on % without non-trivial VJ-fixed vectors. Let 
m be any integer such that m > P(G ^ ) (see Definition II. 2p . Also, [5] of 
Section [6.11 implies that such m exists. Then by conclusions for the case of 

p irreducible, II is \K, Eq j bounded on G. 

For II not irreducible, IT is decomposed into a direct integral J x Ii x dp{x) 
of irreducible unitary representations of G K p V for some measure space 
(X, p) (we refer to [30l Chapter 2.3] or [30] for more detailed account for 
the direct integral theory). If II has no non-trivial V-fixed vectors then for 
almost all x G X, H x has no non-trivial V-fixed vectors. Then by conclusions 

for the case of II irreducible, we see that for almost all x G X Tl x is ^K, ) 
bounded on G. Since G t* p V is known to be of Type I (see [1] and [3S]), we 
may assume that Tl x is weakly contained in IT (up to equivalence) for each 

x G X. Hence Proposition 14.61 implies that n is (K, Sg? J bounded on G. 



40 
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7.4. Results for G if each almost fc-simple factor has Kazhdan's 
property (T). In this section we will show that if each almost fc-simple 
factor of G has Kazhdan's property (T), then property (T) implies uniform 
upper bounds for ET-finite matrix coefficients of G K p V on G. 

The following lemma is an immediate consequence of Theorem 11.41 But 
we prefer a proof independent of Theorem 11.41 since the lemma implies that 
some property of G itself gives upper bounds of ET-finite matrix coefficients 
on G. 

Lemma 7.4. Suppose p is excellent. Then for any unitary representation 
ir ofGKpV without non-trivial V -fixed vectors, there are no non-trivial Gj- 
fixed vectors either for each i, where Gi are non-compact almost k-simple 
factors of G. 

Proof. Through this identification of V with V in Section 15.4^ the action 
of G on V is equivalent to the action p* of G in V (see (I5.11i ). Since p is 
normal, the actions p* of G in V are algebraic and hence the G-orbits on V 
are locally closed (see [10]). Since p is excellent, p* is also excellent. Hence 
the stabilizer in Gi of any non-zero element in V is the /c-rational points 
of a proper closed (in the Hausdorff topology) A;-algebraic group of Gi for 
k non-archimedean or isomorphic to C; or a proper closed subgroup of Gi 
with finitely many connected components for k isomorphic to M. 

Now we consider the restriction of ir on Gi x p F. Assume that ir is 
irreducible on Gi x p V. Applying Mackey's theory, we conclude that ir is 
induced from an irreducible unitary representation ir a of the stabilizer in 
Gi Xp V of an element, say %i OI V an d if X is trivial, then ir \y contains 
the trivial representation (see |27| and [401 Theorem 7.3.1]). It then follows 
from the assumption that \ must be non-trivial. Then ir \o i is induced 
from TT/j \s x , where S x is the stabilizer of \ in Gi. If ir |g- contains the 
trivial representation, then the space Gi/S x has a finite invariant regular 
Borel measure [21 Theorem E.3.1]. Hence by Borel density theorem, S x is 
Zariski dense in Gi for k non-archimedean or isomorphic to C [36J; or S x is 
a lattice in Gi for k isomorphic to R |40l Theorem 3.2.5]. It then follows 
from the assumption about S x that ir \d has no non-zero invariant vector. 
In general, in the direct integral decomposition ir = f x Tr x dp(x) where ir x 
is irreducible, for almost all x 6 X, ir x \y has no non-zero invariant vector. 
Hence ir x \d has no non-zero invariant vector for almost all x S X, by 
the above argument, which means that ir |g. has no non-zero invariant 
vector. □ 

If Gi has Kazhdan's property (T), Lemma 17.41 shows that ir \o i has spec- 
tral gap, that is it \q 1 is outside a fixed neighborhood of the trivial repre- 
sentation of Gi. If each Gi has Kazhdan's property (T), using the argument 
from [SI §3.1], one can show that ir is strongly L P (G' S ) for some p where G' s 
is the almost direct product of all Gi. Since G' s has finite index in G s (see 
[30] Ch I, Proposition 2.3.4]) and G c is compact, ir is also strongly L P (G). 
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By Theorem 14. 4\ we have a passage from a uniform L p -bound to a uniform 
pointwise bound. Then we have the following: 

Proposition 7.5. Suppose each non-compact almost k-simple factor Gi of 
G has Kazhdan's property (T) and p is excellent. Then any unitary rep- 
resentation ir of G s< p V without non-trivial V -fixed vectors is (K, H^/" 1 ") 
bounded on G. Here m is the integer such that 2m > p(Gq) (see Section^). 

Remark 7.6. For G semisimple, a strategy of Howe (see |18l Proposition 
6.3]) shows that the upper bounds of matrix coefficients on each almost k- 
simple factor of G provide a uniform upper bound of matrix coefficients on 
G. Hence one can without loss of generality assume that G is almost k- 
simple. The exact number p(Gq) is obtained for classical simple Lie groups 
by combining the known cases of a classification of the unitary dual by 
Vogan and Barbasch, and the results of Li (see [26J for references). The 
precise values of p(Gq) are not known in general but upper bounds have 
been given in many cases (see |16j . |18j and [26]). If rank/^G) > 2 we 
remark that even in the case when the number p{Gq) is precisely known, 
higher rank trick (or Howe's trick) provides a much sharper pointwise bound 
in general (see |16l Theorem 5.7]). 

8. IMPROVEMENT OF UNIFORM POINTWISE BOUND FOR MATRIX 

COEFFICIENTS 

As before, let K be a good maximal compact subgroup of G and let Gi be 
the non-compact almost /c-simple factors of G. Denote by (G x p V) Q (resp. 

Go) the set of equivalence classes of irreducible unitary representations of 
G x p V (resp. G) without F-fixed vectors (resp. without Gj-fixed vectors 
for each i). We denote by p((G x p V)q\ (resp. p{Gq)) the smallest real 

number such that for any non-trivial tt G (G x p V) (resp. ir G Go), vr 
is strongly L q on G for any q > p((G x p V)o) (resp. q > p(Go)). Note 

that for ir £ (G tK p V) , even though n is irreducible on G K p V, it is not 
necessarily irreducible on G in general. From Lemma [4 . 71 and I7T41 we see that 
p{{G Xp V)oj< 2m where m is the smallest integer such that m > ^ -p(Go). 

Cowling showed that p(Gq) < oo if and only if each Gi has Kazhdan's 
property (T) [8]. Indeed, the explicit determination of p{Gq) may be viewed 
as a quantitative version of Kazhdan's property (T). The method used in 
proving Theorem 11.41 yields an upper bound of p[{G x p ^)o) even though 
p{G ) = oo. 

In this section we will show how to make an improvement of the estimates 
ofp((Gx p y)o) obtained from Theorem II .41 for different examples. From the 
proofs in Section [7] we see that the bounds are determined in the following 
way (without loss of much generality we assume that p is irreducible) : 



12 
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we consider the deformations of the set X s (see (I7.2D ) under p*(a) 
and p*(a~ 1 ) actions where a G D + , which are measured by fi(a) or 
/2(a) (see (I7.12P ) respectively where < fx, /2 < 1 are functions on 
D+; 

for Co = fi(a) or /2(a), choose an open cover of the set W co : W co C 
Ui W co (i) (see [9] of Section [6?T]) ; and find as many as possible rj G -ftT 
such that the p*(rj)-orbits of W co (i) are pairwise disjoint. The num- 
ber of these rj, say Cq with 7 < 0, measures the matrix coefficients 
decay of a dense set of K- finite vectors (see (17.201) ): 
comparing the increasing rate of each simple root in (/i/2)~ 7 ^ 2 
with those in the modular function 8b gives an upper bound p of 
p[{G K p U)o) (see (I7.24D ): and then any unitary representation of 

G tKpV without non-trivial U-fixed vectors is (K, 3^/ m ) bounded 
on G where m is an integer such that 2m > p (see Section 17. 3p . 

Remark 8.1. It is clear that the above arguments apply to the case of a 
local field k with char k 7^ 0. 

Next, we will show how to increase the number of disjoint p(K) orbits (it is 
not difficult to see p(K) and p*(K) have the same number of disjoint orbits) 
for some examples, which results better estimates for p{(G t< p U)o)- 

For a subset V C V, V is said to have c-disjoint property if there is an 
open cover of V: V C Ui=i V( Q ^ s n °t dependent on c) such that for each 
V( there are at least C~ l c~ l elements in Tj G K such that the p(rj)-orbits 
of V- are pairwise disjoint. 

Example 1. Let p be the standard representation of G = SL(3,L) on L 3 
where L denotes a local field k or H. For L = H, it is a R-rank 2 group. 
We can realize D as D = {a = diag(ai, 02, 03) : G k*} and the simple 
roots are ai(a) = OjO^, % = 1,2; the weights are u>j(a) = cij, 1 < i < 3 and 
A = u>i = |(2ai + 02) and £> = w% = — |(«i + 2«2)- By Theorem ll.4| 

(1) for L = C, 7 = — and — ^(A — g) = |(«i + «2)- Using <5,e(a) = 
|ai(a)a2(a)| 4 we have p((G x p U)o)< 24; 

(2) for L = H, 7 = — (|) 2 ai and — ^(A — q) = yg(«i + 02)- Using 
83(a) = \ai(a)a 2 (a)\ 8 we have p[[G t< p U) )< 144; 

(3) for L = R or non-archimedean, 7 = — |ai and — ^(A — g) = \(a\ + 
02). Using 5b{o) = \ai(a)a.2(a)\ 2 we have p((G x p U)o)< 12. 

Improvement: let K be 50(3), £17(3), Sp(3) or 5L 3 (C) for L = R, C, 
M or non-archimedean correspondingly. Here O is the ring of integers of k. 
Set 

3 5 

W c = { u = (vi,V2,v 3 ) G L 3 : < c and - < |u| < -}. 
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Then W co C |jf=2 W;, where 

3 1 3 1 

Wco = {"^ 3 : |t>i| < 2 C o> g < H < 2 and > 4^ 

Ar first, we consider the case of L archimedean or isomorphic to H. For 

/ a z \ 

W 2 consider /i(a, z) = I — z a G K, where a G R, z G L with 

V 1/ 
a 2 + |z| 2 = 1. For any a±, a 2 G R and zi, z 2 £ L we have 



(8.1) /i(ai,zi) 1 h(a 2 ,z 2 ) 



aia 2 + ziz 2 aiz 2 - 02^1 
-aiZ2"+a 2 zI aia 2 + zlz 2 
1 



Let A = {(a, z) G R x L : \ < a, \z\ < and a 2 + |z| 2 = 1}. Next, we will 
show: 

(*) if (ai,zi), (012,22) G ^4 satisfying \z\ — z 2 \ > 15 2 • 64 • 8cq, then 



\a\z 2 - a 2 z\ 



> 16c . 



If \z\\ — \z 2 \ > 256co, let f(x) = x(l — x 2 ) x / 2 , then there exists some zo 
between \z\\ and \z 2 \ such that 

/(M) - f(\z 2 \) = f{*o){\'i\ ~ N) = (\zi\ - \z 2 \)(l - z 2 )- 3 / 2 , 
the it follows that 

\a\z 2 - a 2 zi\ > a\a 2 \zia{ 1 \ - \z 2 a 2 1 \ 
= aia 2 \f(\zi\) - f(\z 2 \) 



a\a 2 



\zi - \z 2 \ 



■ (i - 4)-" 12 



>||$*|N-M 

> - ■ - ■ 256c = 16c . 



If |zi| — |^2 1 < 256co, let g(x) = (1 — x 2 ) l / 2 then there exists some 
between \z\\ and |z2| such that 

g{\z l \)-g(\z 2 \)\ = \g'(u)(\z l \-\z 2 \) 



u 



= (\\zi\ - \z 2 \ ■ u)(l - u 2 ) 



-3/2 



< (16^/15)25600. 
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By the above discussion we get: 
\a\z 2 — a 2 Z\\ = a\a 2 

= aia2 



Z\CL 1 1 — Z 2 CL 2 1 



{z\ - z 2 )a 1 1 + z 2 (a l 1 - a 2 1 ) 



> a 2 \z\ - z 2 \ - a\a 2 \z 2 \ 



g(\zi\) - g(\z 2 \) 



> Z \Z1-Z2\ 

1 



15 \/l5 

16 ' 



(16V15)256c 



> - • 15 z • 64 • 8c - 15 z • 64c > 16c . 

Hence we proved (*). 

For any (ai,zx), (02,^2) £ ^4 satisfying the condition in (*), and any 
v G W 2 using (|8.ip and (*), we have 

-Ki(h(ai, zi) _1 /i(a 2 , z 2 )v) = (ai#2 - a 2 -zi)^2 + (aia 2 + z{z^)vi 



> 



{a\z 2 - a 2 z{)v 2 - (a\a 2 + Z\Z 2 )v\ 



(i) 1 3 5 

> - • 16c - -c = -co 

where 7Ti projects u = (vi,v 2 ,v 3 ) G L 3 to v\. (1) follows from Cauchy- 

Schwarz inequality \a\a 2 + 2:122 < («i + \ z i\ 2 ) ■ {a 2 + \z 2 \ 2 ) = 1. Then we 
deduce that 



.2) 



Let 



% 1 ,z 1 )(W c 2 o )fl /i («2,^)(W c 2 o ) = 0. 
- + 15 2 • 64 • 8mc and a m = (yi — \z m \ 2 , z m ) 



for L = R; or let 

In / 1 2 \ 

z mn = — = + 15 • 64 • 8mco + — 1= + 15 • 64 • 8nco i and 
4V2 V 4V2 ' 

Q>m,n — (\/f 

for L = C; or let 



Zm,n,£,r 



I + 15 2 • 64 • 8mc + (- + 15 2 • 64 • 8nc )i 
8 ^8 ' 



and 



+ [- + 15 z • 64 • 8£c Jj + [- + 15 z • 64 • 8rc Jk 

(^m,n,£,r — (^/l | Z m ,n | 2 > 27n,n,£,r) 

for L = H, where m, n, r are integers satisfying < m, n, £, r < [ 8 15^4 g Co ] 
It is clear that a m E A (resp. a m ^ n G A or a m ^ n ^^ T G ^4) and the number 
of such a m (resp. a m , n or a m>nAr ) is [ g.^g.^J +1 (resp. ([ 8a ^6. 1 8co ]+ 1 ) 2 
or ([g45^fek^]+ 1 ) 4 ) for L = IR (resp. L = C or I = H). Furthermore, for 
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any m ^ mi (resp. (to, n) ^ (mi, ni) or (m, n, r) 7^ (mi, ni,£\, ri)) h(a m ) 
and /i(a mi ) (resp. h(a m ,n) and /i(a mi , ni ) or h{a m>n ^ r ) and /i(omi,mA,ri)) 
satisfy the condition (18. 2ft . 




Hence W,? has Co (resp. Cq or Co)-disjoint property for L = 

/ a z 

L = C or L = H). For W c 3 , we consider fc(a,z) = 10 10 

\ -z a 

where a S R, z S L with a 2 + \z\ 2 = 1. An argument analogous to the case 
of W 2 shows that Wc also has cq (resp. Cq or Co)-disjoint property, which 
implies that W Co has Co (resp. Cq or cj^-disjoint property for L = R (resp. 
L = C or L = H). 

Now we consider the case of L non-archimedean. For W 2 , we consider 




//(:) • j 1 j € K. where « € O. W : , - : 2 | > 1.2r„ then 

> 2c . 



7Ti(/l(zi) 1 /l(z 2 )w) = Ul + (JK 2 - ^l)«2 = (22-^1)^2 

Using the analogous construction to the one in proof of Lemma 16.41 for non- 
archimedean case, we see that W 2 has co-disjoint property. For W 2 , we 



1 z \ 

consider h(z) = [ 1 J € instead. It is clear that also has 
1/ 

co-disjoint property, which implies that W CQ has co-disjoint property for L 
non-archimedean. Hence, 

• for G = SL(3,L) where L = R or non-archimedean, 7 = — 1 and 
-i(A - g) = |(ai + a 2 ). Then p((G x p V) )< 4; 

• for G = 5L(3,C) 7 = -2 and -%(\-q) = «i + a 2 . Then p((G x p 
^)o)<4; 

• for G = 5L(3,H) 7 = -4 and -|(A - g) = 2(ai + a 2 ). Then 
p((Gx p l/)o)<4. 

Example 2. Let p be the adjoint representation of G = SL(2, k) and let 

/i=^p ^i^'^ = ^o o ^ anc ^ ^ = y 1 J ™ ^ e a ^ eDra 

sl(2, k). We can realize D as D = {a = diag(oi, a^f 1 ) : «i £ fc*} and simple 
root is ai(a) = af; the weights are A(a) = ai and g = —a\. By Theorem 
11.41 7 = ~~ \ anci ~~ 2^ ~~ s) = 5 ai ' Using (5b (a) = |ai(a)| for k 7^ C 
and 6 b (a) = |ai(a)| 2 for k = C, we have p((G x p V)o)< 3 for k ^ C and 

p((G x p U)o)< 6 for A; = C. 
Improvement: set 

3 5 

Wc = : \vu\ < co and - < \v \ < -}. 
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i2 



We have a decomposition of W co : W co = Ui=i ^c where 
Wl = {v G sl(2,/c) : < ^c , ^ < |u| < ^ and ^\v h \ > \v v \} and 



1 



{u G s((2, k) : \v v \ < -c , - < \v \ < - and \v h \ < \v v \}. 



Let X = {#GM:0<#< ^}. For archimedean consider z(0) 

( COs9 Q ~ SU \ 6 ) G if with G X. For any X , 2 G R zffli)" 1 *^) 
\ sm ft cos 1 

z(02 — 9\). We also have 

(8.3) 7T{7 ( Ad z (0-) (vu + Vh + w))= cos 2 9 ■ v\j + sin 29 ■ Vh — sin 2 • uy. 
For any w G and 9±, 92 € X using (|8.3p we have 
KcKAd^-i^) • t>)| 



> |sin(26» 2 - 26i)v h - sin 2 (6> 2 - 9i)v v \ 



\vu\ 



(8.4) 



co- 



(1) holds since there exists 5 > such that <5|0| < |sin#| < |#| for any 
— f < 9 < j. Hence Wc has co-disjoint property (see Case ([2]) and (|6.22j) 
in the proof of Lemma 16. 4p . 

We have a decomposition of W 2 : W 2 = Ai {JA2 where 

A 1 = {ve W 2 : Ref — ) > -c } and A 2 = G W 2 : Ref — ) < 0}. 

^Vy' ' ' u K Vy J 

For any v £ A\ and 9%, 02 G X with 6>i < #2, using (|8.3p we have: 



$.5) 



7r[/(Ad z(e2 )-i 2 ( ei) • v) 

> \vy\ ■ 

> \v v \ ■ sin(2# 2 - 20i)Ref— ) + sin 2 (#i - 2 ) 



sin(20i - 20 2 )- — - sin 2 (#! - 2 * 



vu\ 



■•Vy 

> l( s in 2 (0 2 -0i)-co)-^co 



\vu\ 



>-6 2 \ 



-co, 



1/2 

which implies that A\ has c disjoint property. Similar arguments hold for 

1/2 1/2 
A2, therefore A2 also has c disjoint property. Hence W co has c disjoint 

property. 

For k non-archimedean and g = 



1 b 
1 



G if with & 6 O, we have 



(8.6) 



7r [ /(Ad 9 (f C / + + vy)) = -2bv h - b 2 v v + v v . 
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For any v G W^ we have 

121 3 4 
|7r^(Ad-(v))| > \2bv h + &V| - M > V • 7l fe l " 2&2 " o c o- 



Similar to (|8.4p . has co-disjoint property. We just need to consider W 2 ,. 
Using (|8.6p . similar to (|8.5|) we see that for any t> G W, 2 



i2 
CO 

(8.7) MAd»)| > \\2bvhVy 1 + b 2 \ - ^c . 

For any < Co < 1 there exist \q\ 2 < rjo <1 and zq G N such that Co = |<7| 2 °f7o 
and zq is even. Suppose io, i\ G Z such that |2| = and |q| n > 3. We 
consider the decomposition of W 2 : W 2 Q = Ui^Q 1 ^ where 

A zo+1 = {ve Wl : \v h vy x \ < 2|g| 20+1 } and 

A = {v G W 2 Q : |(?r +1 < l^ 1 ! < kr" 1 }, < i < zq. 

For any v G A 2Q+ i, it follows from (|8.7|) that 

\iru(Ad g (v))\ > ^\2bv h v v x + b 2 \ - ^c > h 2 - Cc , 

1/2 

which implies that A ZQ+ i has c disjoint property. 
For any < i < zq and any v G A4, 

y 1 126^1, |2|-|gr +1 >|6|. 

For A* with i > f , if 

\b\ > |g|f-^hl+n > | g |-[<o|-l+*i .cj/ 2 , 

then |6| > |2| • and thus by (jgTfj) we have 

\7Tu(Ad g (v))\ > ^\b 2 \ - ^c > 3\q\ z ° - ^c > 3c - ^c = ^c . 

1 /2 

Then we see that Ai has c disjoint property if i > 

Now suppose < % < § . If |b| > | g |*-Ko|-i+ii t h en |b| > |2| • {q^ 1 , hence 
we have 

MAdgtw))! > i|6 2 | - ^c > 3|g| 2 ° - ^c > 3c - ^c = ^c ; 
also if |g|«o-*-l*o|-Hi-i < |fe| < |2| • = \q\ i+io+ \ then 

MAd»)| > i|26| • - ^c > 3|g|*° - ^c > ^c . 

Then we see that for < i < 4^, if 

| g |^o-i-|io|+u-l < | 6 | < | g |i+<o+l or | g |<-|<o|-l-Hi < \b\ < 
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then \7Tu(Ad g (v))\ > |cq. Furthermore, since 



za— i— M+u— l 




\q\-\M+h-l v -V\ 



it follows that \iru(A-d g (v))\ > |co, if 

| g |-M-Mi-2 . C V2 < | 6 j < | g |i+io+l or | g |i-|*o[-i-Mi < | 6 | < | g |<r_ 

Hence also has Cg^ 2 disjoint property if < i < 4^. Note that X}f=o^ c^ 2 < 
CQ / ' 2 (log| (? | Co), then W c 2 has CQ //2 (log| (J | Co) disjoint property. So, 

• for k archimedean, 1 = —\ and — ^(A — g) = \a\. Then one has 
p((G K p V) )< 2 for k = R and p((G x p U) )< 4 for fc = C; 

1 /2 

• for fc non-archimedean. from proof of Proposition l7.1|, W^ has c (logj^j 

disjoint property means that for any ir G (G x p V) and for any 
5 = k\aujk2 



for a dense set of vectors rj, £ of 7r and for any e > 0. Here c(e) > 



Example 3. Let 7 = M, C, or EI and let G be the group defined by the sym- 



metric or Hermitian form Q on 7 3 : (10 ). Then G is SOq(1,2) 



for 7 = M, 5*7(1, 2) for 7 = C, or 5p(l, 2) for 7 = H. Then G is a real rank 
one group. Let p be the standard representation of G on 7 3 . We can realize 
77 as 77 = {a = diag(ai, , 1) : a* € K*} and the simple root is «i(a) = a%; 
the weights are A(a) = «i, £ = — ai and 0. By Theorem II. 4 1 



(1) for G = 5O (l,2), 7 = -§ and -g(A - e) = Using <5 B (a) = 



(2) for G = 5*7(1, 2), 7 = -(±) 2 and -f (A - 0) = Using 5 B (a) = 
|ai(a)| 4 we have p((G x. p V)o)< 36; 

(3) for G = 5p(l,2), 7 = -(±) 2 and -^(A - g) = \a x . Using <J fl (a) = 
K(a)| 10 we see that p((G K p V) )< 90. 



(n(g)v,Z) < C^|ai(a)|-v 2 • log,,, (Ma)!" 1 ) 

(i) 1 
< c(e)G^|ai(a)r2+ E , 
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1 









!)•"-( 


V 








1 

10, and 7 - 

0-1 

-1 -i 0\ 

- 1 5 J then we see that 
1/ 

y) = x T ■ E ■ y = x T -T T ■ M - T ■ y for any x, y £ 7 3 . 

Let G' be the group defined by the standard symmetric or Hermitian form 

/ x 

M and let K' be the subgroup in G' with the form: K' = \ a 6 

V c d 

where x G Sp(l) and ^ ° ^ G Sp(2) for 7 = H; and x G 17(1) 

and ( c d ) € With X ' det ( c d ) = 1 f ° r L = C ' Then 

a maximal compact subgroup K in G has the form: K = T~ 1 K'T = 
\{x + a) \{x-a) -\b\ 
x — a 7}(x + a) b . Denote by V the map from K' — > K: 
— c \c d J 

p[a) = T' x aT for any a G K' . Set 

3 5 

Wc ={v = {vi,v 2 ,v 3 ) G 7 3 : |ui| < c and - < |u| < -}. 
Then W co C U W c 2 , where 



4 1 3 

Wc = G 7 3 : |fi| < -c , - < \v\ < - and \v 2 \ > \v 3 \} and 

1 



W c 2 = {d£L 3 : |«i| < -c , ^ < |v| < ^ and |v 2 | < ^H}- 

/ a + z \ 

For W 2 consider f(a,z) = I a 2 J G if', where a G E, z G 7 

V -z a J 
with a 2 + \z\ 2 = 1 and z = —z. Then /(cti, z\)~ 1 f{a 2 , 22) has the form 

aia 2 + a\z 2 - a 2 zi - z\z 2 

a\a 2 - z\z 2 a\z 2 - a 2 z\ 

a\z 2 - a 2 z\ a\a 2 - z\z 2 

and then V{j{a\, z\)~ l f{a 2 , z 2 )^je K has the form 

z \{a\z 2 - a 2 z\) -\(a\z 2 - a 2 z\) 

a±z 2 - a 2 z 1 z a x z 2 - a 2 z x 

-a\z 2 + a 2 zi \{aiz 2 -a 2 zi) a\a 2 -z\z 2 
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where z = A(2aia 2 + a\Z 2 — a 2 zi — 2z\Z 2 )- Set X = {x G L : x = —x} and 



A = {(a, z) G R x X : i < a, |z| < — ^ and a 2 + |z| 2 = 1}. 

Using (*) in Example [TJ we also have: 

(**) if (oi,zi), (02,^2) G A satisfying |zi - z 2 | > 6 • 15 2 • 64 • 8c , then 



\a\Z2 — a^z\ 



> 6- 16c . 



For any v G W 2 Q and (ai,zi), (02,-22) G A satisfying |zi — z 2 | > 6T5 2 -64-8co, 
let z = i(2aia2 + a\Z2 — CL2Z1 — 2z\z 2 ), then 

m(r(f(ai,zi)- 1 f(a 2 ,z 2 ))v) 

zvi + -{a\z 2 - a 2 z 1 )v 2 - ^(a 1 z 2 - a 2 z 1 )v 3 

1. , I 

> j\aiz 2 - a 2 zi\ ■ \V2 - 2t; 3 - \v\\ 

1 2, 4 

> ^ • g|aiZ2 - a 2 2i| • |^3 1 - gC 

1 14 5 

> - • 6 • 16c • - - -co > -c 

4 6 6 

where 7Ti projects i> = (t>i, t> 2 , ^3) G £ 3 to v\. Hence arguments similar to 
Example [T] show that W 2 has Cg-disjoint property for L = H; and W 2 has 
co-disjoint property for L = C 

/ 1 

Set Li = {x G L : |x| = 1}. For consider /i(a) = a 

V a 

where a G Li. For any oj, 02 G L%, "P(/i(ai) _1 /i(a 2 ))G K has the form 

i(l + 0^02) jkl-a^oa) 
1 - aj" 1 a 2 ^(1 + a5" 1 a 2 ) 
aia^ 

Notice that there exists 5 > such that for any aj, 02 G L\ |1 — a^ 1 ^! > 
<5|ai — a 2 |. 

For any t; G and ai, a 2 G satisfying |ai — a 2 | > 485 _1 cq, we have 



-(l - a x 1 a 2 )v 2 + ^(l + a x 1 a 2 )fi 

5, . . . 4 

> -|ai - a 2 | • |f 2 | - -c 

> - -m^co ■ i - ^c > ^c 

Hence an argument analogous to one for Example Q] shows that has 
Cg-disjoint property for L = H; and has Co-disjoint property for L = C. 
Then we see that W Co has Cg-disjoint property for L = H; and W Co has 
co-disjoint property for L = C So, 
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• for G = SU(1, 2) 7 = -1 and -%(\-q) = ol\. Then p((G x p V)o) < 
4. 

• for G = Sp(l,2), 7 = — 3 and — %(\—g) = 3cti. Then p((GtK p V) )< 

10 
3 ' 

For G = 5'Oo(l,2), it is isomorphic to the projective group PSL(2,M) and 
p is isomorphic to the adjoint representation of PSL(2,M) on q = sl(2,R). 
From the relation 

SL(2, R) A- PSL(2, K) -A Sl(2, R), 

where ji is the natural projection. We see that p o ji is isomorphic to the 
adjoint representation of SL(2,M). It is clear that arguments in Example [2] 
also hold for SOq(1, 2), which implies that 

. for G = 500(1,2), p((Gk p V)o)< 2. 

Example 4. Let L = R, C, or HI and let G n , n > 2 be the real Lie group de- 

/ 1 

fined by the symmetric or Hermitian form form Q on L n+1 : 110 

V -I n _ a 

where I n _i denotes the (n — 1) X (n — l)-identity matrix. Then G n is 
SO (l,n) for L = R, Sf/(l,n) for L = C, or for L = M. Let p 

be the standard representation of G on L n+1 . We can realize D as D = 
{a = diag(cti, erf , 1, • • • , 1) : Oj € M*} and the simple root is a\{a) = a\\ 
the weights are A(o) = ati, g = —a% and 0. By Theorem 11.41 

(1) for G = SOo(l,n), 7 = — | and — |(A — (?) = |ai. Using #b((i) = 
la^a)!™" 1 we have p((G tx p V)o)< 3(n - 1) ; 

(2) for G = SU(l,n), 7 = -(|) 2 and — ^(A - g) = \a x . Using <J B (a) = 
\ai(a)\ 2n we have p((G x p V)o)< 18n; 

(3) for G = Sp(l,n), 7 = — (|) 2 and — ^(A — (?) = |ai. Using 5 b (a) = 
|ai(a)| 4n+2 we see that p((G x p V) )< 9(2 + 4n). 

Improvement: Let 7^ i 2 i 3 : G2 G n , 1 < £i,i2>*3 < ^ be the natural 
embedding which maps ^4 = (aij) G G2 to (&i,j) G G where j, = a^y and 
the other diagonal elements are 1 and off-diagonal elements are 0. Set 

W co = {v = K • • • ,«n+l) e L n+1 : < c and 3/4 < |v| < 5/4}. 

Then W co C US 1 Wc 05 where 

W* = {v G L n+1 : < ^c , - < |v| < - and \ Vi \ > ^=}. 

For % = 2, 3, consider the embedding Pi 2,3; ° r consider embedding Pi 2,1 f° r 
4 < i < n + 1 . Since for any v = (vi , ■ ■ ■ , v n+ \ ) G L n+l , ttj (Pj (#•?/)) = i>j for 
any g £ A, any j 7^ 1, 2, i, where 7Tj denotes the j-th coordinate projection, 
an argument analogous to the one in Example [3] shows that 
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1/2 1 

• for G = SOq{1, n), each W* has c -disjoint property, then 7 = — | 
and -|(A - e) = Th en p((G x p F) )< 2(n - 1). 

• for G = SU(l,n), each W* has co-disjoint property, then 7 = — 1 
and — |(A - g) = a x . Then p((G x p V) )< In. 

• forG = 5p(l,n),7 = -3and-^(A-^) = 3t*i. Thenp((GK p F) Q )< 

2+4ra 
3 - 

Recall notations in Section 12.21 We shall make use of a general strategy of 
Howe |18| in the following example. Let H be an almost fc-algebraic subgroup 
of G, such that B(H) = Bf]H, D(H) = Df]H and K(H) = Kf]H are 
a minimal parabolic subgroup, a maximal split torus, and a good maximal 
compact subgroup of H respectively, and the corresponding positive Weyl 
chamber D + (H) in D(H) contains D + . Suppose H = H\ x ••• x H m , a 
product of reductive subgroups. Then in obvious notations one has D(H) = 
D(H X ) x • • • x D(H m ) and K(H) = K(H X ) x • • • x K(H m ). 

Lemma 8.2. Let tt be a unitary representation of G. Suppose that ir^. is 
(K(Hi),^i) bounded on Hi, 1 < i < m. Then n itself is (K, r rj™i 
bounded on G where r = max^g^f-fC : K |~| loKuo^ 1 ] (note that F = {e} for 
k archimedean) . 

For k archimedean this result follows directly from Theorem 14.41 Propo- 
sition 6.3 of [18] and the considerations of [18], §8; for k non-archimedean a 
detailed proof is given in [16J. 



Example 5. Let G = Sp(2n, k) over a local field k, which is defined by the 
bi-linear form: ( ^ T ^™ ] . Let p be the standard representation of G on 



k 2n . Take the maximal compact subgroup K to be the intersections of those 
of SL2n{k) with G. We can realize D as 

D = {a = diag(ai,--- ,a n ,aJ~V" ,a~ x ) : aj G A;*}. 

The simple roots are 014(a) = a^a^, 1 < i < n — 1 and a n (a) = a 2 ; the 
weights are ±Aj where A«(a) = a^, 1 < z < n. Then A(a) = X\(a) = a\ and 
£» = -Ai(a) = ajf 1 . Then 7 = -(|) 2ri ~ 2 and — 3r(A - g) = ^2X1- Using 

n n 

5 B (a) = niad 4(n+1_i) for A; = C or Y[\ai\ 2( - n+1 -^ for fe / C, 

i=l i=l 

by Theorem[0]p((Gx p y)o)< 2-3 2n - 2 n(n+l) for k = C and p((Gk p V) ) < 
3 2n ~ 2 n(n + 1) for k ^ C. 

Improvement: for any a G L> + , denote by q = |Aj(a _1 )|, 1 < i < n. Set 

3 5 

W cl) ... )Cn = = - ,W2n) e fc 2n : |^| < Cj, 1 < i < n, and - < \v\ < -}. 
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Then W c 



Cl , 



■,c„ cU?=iWi,... iCn , where 

4 13 

{u G & 2n : < -q, 1 < / < n, and - < |v| < -, > 



1 



Fix i, 1 < i < n. Suppose k is archimedean. Set X = {(o, z) G K x 
A; : a 2 + |z| 2 = 1}. For 1 < j < n define hj(a,z) = (pi m ) £ if and 
fi(a,z) = (6{, m ) 6 if as follows: ay +n = = z, = ai +n j = -z, 

= Uj+nj+n = djj = aj +nj j +n = a; and the other diagonal elements are 1 
and off-diagonal elements are 0; bi^ +n = z, bi +ri! i = —z, bi t i = bi +n ^ +n = a; 
and the other diagonal elements are 1 and off-diagonal elements are 0. 

For VVcl,... ,cn, j / J consider hj and for ... „, consider /j. Then for 
any v G W^,...,^, j / i and any (a m ,z 

(8.8) ■K i (h j (a 1 ,z 1 )~ 1 h j (a 2 ,Z2)v 



m , G X, m = 1, 2 we have 

aiz 2 - a 2 2i)vj + (aia 2 + Z\~z~2)Vi 



where 7Tj projects u = • • • , u 2 n) G k 2n to «j. 

Also, for any v G Wi ... Cn and any (a m , z m ) 6 1, m = 1, 2 we have 

(8.9) 7rj(/ i (ai ) 2i)' -1 /i(a2,^2)w) = {a\z 2 - a%z\)Vj + (aia 2 + zi^)vi 



Now suppose A; is non-archimedean. For WZ u ... iCn i 1 < J < w consider 

aj,i+n = -z and the diagonal elements 



are 1 and the other off-diagonal elements are 0. Then for any v G ... Cn 



hj(z) = (ai >m ) where z G O: aij +n 
ire 1 and the other off-diag 
and any z±, z 2 G O we have 

7ri(/l(zi) _1 /l(2; 2 )w) = Uj + (#2 - 

An argument similar to the one in Example Q] shows that W^,... )Cn has cf- 
disjoint property where <5 = 1 if fc ^ C and <5 = 2 if A; = C. Also, W Cl .... )Cn 
has cf -disjoint property, 1 < i < n. Then follow the proof line in Proposition 

17.11 for any ir G (G x p V) and for any g = k\aujk2, one has 

(8.10) |(tt((7)77,0|< C Vi t\\i(a) • (-A,)(a- 1 )|- 5/2 = C^X^T 5 

for a dense set of vectors rj, £ of 7r. Let i?2Aj be the subgroup of G with 
Lie algebra generated by {02A i5 0-2Ai}, 1 < i < n. Then H2\ i is isomorphic 
to SL(2,k) and ^B(_ff 2A .)(o) = | (a) | 2(5 . Therefore tt is strongly L 2+e on 
ii 2 A 4 and Theorem 14.41 implies that tt is (K (H 2 \ i ), Sjj 2A .) bounded on i?2Ai> 

1 < z < n. Then it follows from Lemma 18.21 that any tt G (G k p V) Q is 
(K, rY[f = i Eh 2X ) bounded on G and from Proposition 14.21 it is clear that 
for any e > 0, there exist constants c\ and 02(e) such that for all g = kiauk 2 



ci U\\i(a)\- S < E^fo) ^ 02(e) II A,ia) 
i=l i=l 

Hence we also get p((G x p V)o)< 2n. 



i=l 
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Example 6. Let L = C or H and let G be the real Lie group defined by 

/ I n 

the symmetric or Hermitian form form Q on L n+m : I I n 

V -J m _ r 

where m > n > 2. Then G is SU(n,m) for L = C or Sp(n,m) for L = H. 
Let p be the standard representation of G on £ n + m . We assume notations 
in Example if there is no confusion. We can realize D as 

D = {a = diag(ai,-- - ,a n ,aj~V-- ,«n\V-- , 1) : Oj € M*} 

and simple roots are a«(a) = a^a"^, 1 < i < n — 1; and a n (a) = a n if m > n 
or a n (a) = \a n if m = n. The weights are ±Aj where Aj(a) = aj, 1 < i < n. 
By the definition of 5b, we have 

n n 

5 B (a) = X[\a i \ 2{n+m -^ +2 forfe = C or ni^| 4n+4m+6 ^ for fc = ft 

We use the same notations W Clj ... Cn and Wcj,--- ,c n as in Example [51 by chang- 
ing k to L and extend domain of j to 1 < j < m. 

Fix i, 1 < i < n. For Wc!,...,^ with i ^ j < n, consider hj(a,z) = 
i a l,m) where (a, z) 6 X: aij+ n = ai+ n j = z, aj+ n j = aj+n^ = —z, a^j = 
aj+nj+n = a^.j = aj+ n) j+ n = a; and the other diagonal elements are 1 and 
off-diagonal elements are 0. 

For W l c ... c , consider fi(a,z) = {a^ m ) where (a, z) 6 X and 1 = —z: 
o-i,i+n = CLi+n,i = £ and a^j = aj +nj j +n = a; and the other diagonal elements 
are 1 and off-diagonal elements are 0. Then (j8.8|) and (|8.9j) also hold. Simi- 
larly, for 1 < j < n Wei,— ,c n has -disjoint property where 5 = 1 for A; = C 
and 5 = 3 for A; = H, which implies that (I8.10P holds. 

For Wc!,...,^ with n < j < m, consider the embedding Vi^+n^n+j '■ G\ ^ 
G where G\ is isomorphic to SU (1, 2) for L = C or isomorphic to S|p(l, 2) for 
L = H (we use the same notation "P^i+n^n+j as in Example H]). An argument 
analogous to the one in Example |4] shows that Wc lt --- , c „ with n < j < m has 
cf-disjoint property. Hence we deduce that W C1 ,- , c „ has cf-disjoint property 
for 1 < i < m. 

Note that 5B(H 2 \)(. a ) = |Aj(a)| 2 for L = C and 5B(H 2X .)( a ) = |Aj(a)| 6 for 
L = M. Therefore 7r is strongly L 2+e on 1^2^ and Theorem 14.41 implies that 
7r is (K(H2\ i ), z>h 2 \ ) bounded on H2\ t , 1 < i < n. Then for g = k\ak2 



ci IIl^(«)r 5 < II E h 2Xi (9) < ca(e) f[\\i(a) 



-8+e 



Hence we get p[(G x p V)o)< 2(n + m — 1) for L = C and tx p F)o)< 

4m + 4n - 2 for L = H. 

Example 7. Suppose rank^G = 1 and /? is irreducible and excellent on y. 
By Theorem [H 7 = -1/3W* 1 - 1 ); if dimF A = 1, 7 = -1/3W* 1 " 2 ). Set 
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A($i) = — ^(A — g). We deduce from ¥L2M that 

the coefficient of a in 5 b 



p{(G<x p V)o)<p 



the coefficient of a in A(<J>i) 
where a is the simple root of G. 

Improvement: Choose an ordering of the weights, then we have a decom- 
position of V: 

v = v x=<t>1 ® e • • • e v e=(Pn , 

and the wights are ordered in the way <f>\ < 4>2 < • • • < 4> n - 

Let (3 = if (t$i is even and (3 = <f> t«x-i if tt$i is odd. Then /3 is 

( 2 > 2 

the biggest positive weight and — j3 is the smallest negative weight. Denote 
by V+ the subspace of V spanned by the positive weights and by ir+ the 
projection from V to V+. Let W' co = {v 6 V : |vr + v| < Co and | < < |}. 

Then follow line by line the proof in Section [7] and note that we begin 
from (3 instead of A, we see that W' co has Cg disjoint property, where 7' = 

—(3)^ 2 ' if ft$i is even and 7' = —(3) 2 ' if tJ^i is odd. Moreover, if 
dimVx = 1, i = -(^P^~' if tt^i is even and 7' = -(±y~2~ > if ^ 1 is 
odd. Set A'($i) = - (-/3)). By fTM!) of Corollary E3 using /3 and 

—j3 instead of A and g we have 

the coefficient of a in 5 b 



ill) p{(Gk p V) )<p' 



the coefficient of a in A'(<I>i) 



Note that A = (^ ±i )a, g = -(^ tl )a and = \a if is even; or 
A = (fci)a, e = -( fii ^ i )a and /3 = a if is odd, then £ - 



if tt^i is even and — = — ^i~i 3 if (J^i is odd. Then we see that p' < p if 
p 2^ ( ^~ ) 

t($i 7^ 2, 3, 4. Then (|8.1ip is a better estimate than p given from Theorem 
Ol 

Remark 8.3. Vogan's classification of unitary duals for GL n (L), yields that 
for G = SL n (L), L = M, C or M, p(G ) is 2(n - 1), 2(n - 1) and 2(n - 1) 
respectively and for L a non-archimedean local field, p(Gq) is 2(n — 1) (see 
[16]). In Example [H we get the same result for SX(3, 7). For Sp(2n,C), 
it follows from Howe's result in [18] that p(Sp(2n, C)o) = 4n. For G = 
Sp(m,n), m>n>2oiG = SU(m,n), m > n > 2 the exact number 
p(Gq) is 2(m + n) — 1 or 2(m + n — 1) respectively obtained by Li |26j . For 
G = Sp(n,l), n > 2 the desired exponent p{Gq) = 2n + 1 follows from 
classification p~] and [21]. For real Lie groups SOo(n, 1) and SU(n, 1) n > 2, 
and for SL(2,k) over a local field p(Gq) are 00 since they don't have 
property (T). We list an upper bound p of the number p{(G x p V)o) for 
some examples in Section [8] in the following table. 



G: SL(2,k) 


517(1, n) 


SO (n, 1) 


Sp(l,n) 


5p(2n,C) 


Sp(n, m) 


p: 25{k) 


2n 


2(n - 1) 


2+4n 
3 


2n 


4n+4m— 2 
3 
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where m is the smallest integer such that m > | and 5{k) = 2 for k = C or 
= 1 otherwise. 

Let m(Go) be the smallest integer such that m(Go) > ^ • p((G x p V)q 



From ([2]) of Proposition 14.21 we see that determines the decay rate of 

^,i/m(Go) p Qr a ^ ove exam ples the condition m(Go) < \ • p(Gq) is satisfied. 
Then as an obvious consequence of ([3|) of Proposition 14.21 Theorem 

,i/m(G ) 



and Lemma I4T71 any it G (G x p V) is (if, H G J bounded on G; while 
there exists 7Ti G Go such that tti is not (if, S^/ m ) bounded on G for any 
m < \ • p(Gq). Furthermore, if any ir G Gq is (if, "l 7 ) bounded on G then 



Proposition 14.61 means that any vr G (G x p V) Q is (if, min{^, ~J/ m(Go) }) 
bounded on G, which is a much sharper pointwise bound than ^f. Hence we 
conclude that the minimal rate of decay of if -matrix coefficients on G (from 
the consideration of p(if )-orbits) is much sharper than the one obtained 
from the semisimple part itself by using Kazhdan's property (T). 

Oh showed in [16] that for G = Sp(2n, C) the best possible decay rate 
of if -finite matrix coefficients is determined by J2f=i by usm g Howe's 
trick and the one obtained by using p((G x p V)o)< 2re is ^ • = 

Ya=i 2 + n ^i- Then by above arguments a better decay rate is 

maxj^Ai,^ Xi\= ^ A, + ^ A;. 

i=l i=l i=l *=[f]+2 

Hence we see that ^f=i 2A», the one provided by the combination of p(K)- 
orbit-deformation method and Howe's trick is the best compared to the 
above results (see Example [5]). 

9. Kazhdan constants 

In this section, we discuss some applications of the above results in terms 
of a quantitative estimate of Kazhdan's property (T) of the pair (G x V, V), 
namely, Kazhdan constant. 

Definition 9.1. For a locally compact group S, we say that a unitary 
representation tt of S almost has an invariant vector if for any e > and any 
compact subset Q of S, there exists a unit vector v which is (Q, e)-invariant, 
that is, 

sup||7r(g)t> — v\\ < e. 

A pair (S, S') is said to have Kazhdan's property (T) where S' is a closed 
subgroup of S if any unitary representation of S which almost has an in- 
variant vector actually has a non-zero ^'-invariant vector. 

Remark 9.2. S is a Kazhdan group if and only if the pair (S, S) has prop- 
erty (T) . An immediate consequence of the above definition is that for any 
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S' 2 C S[ C Si C S2 if (Si, S[) has Kazhdan's property (T) then (S2, S' 2 ) has 
Kazhdan's property (T) too. In particular if S or S' is a Kazhdan group 
then the pair (S,S') has Kazhdan's property (T). 

Definition 9.3. For a locally compact group S with a compact subset Q, 
a positive number e is said to be a Kazhdan constant for ((S, S'),Q) if 

t((S, 5'), Q) := inf inf max||7r(g)u — v\\ > e 
TreTCg, „ e ^i g&Q 

where IZs' is the se t °f unitary representations of S without non-trivial S'- 
invariant vectors and 7~L\ are the set of unit vectors in the attached Hilbert 
space for tt. If there exists such an e, we call Q a Kazhdan set for S. 

In other words, if e is a Kazhdan constant for (S,Q), then any unitary 
representation of S which has a (Q, e)-invariant vector actually has a non- 
zero invariant vector. 

Proposition 9.4. If p is good, then the pair (G K p V, V) has Kazhdan's 
property (T). Furthermore, a Kazhdan constant for ((Gx p V,V),Q(h u ... % h N )) 
is ^= • mmi<i<N Ki^hi) , where Q{h ly -,h N ) *s defined in (19.4j) and is 
defined in (19.3j) . 

Proof. Let tt be any representation of G K p V without non-trivial l^-fixed 
vectors. Denote by H the attached Hilbert space of tt. Since char k = 0, then 
by full reducibility of semisimple groups there is a natural decomposition 
of V under representation p: V = @f =l Vi such that for each i, Vi is an 
irreducible representation of G. Next, we will show: 

(*) there exists a subset X C {1, • • • , N} such that there is an orthogonal 
decomposition of % : H = ® j e x Ei such that each Ei is invariant 
under G K p V and there is no non-trivial V^-fixed vectors on Ei. 

For each 1 < i < N, let Hi = {v G U : v is fixed by V}- Similar to ([7725]) 
we see that Hi is G K p ^-invariant. Hence H^~, the orthogonal complement 
of %i is also G K p ^-invariant. Since there is no non-trivial Infixed vectors, 
there exists 1 < h < N such that / 0. Let E h = H^. If H-[ = H, then 
we get (*). Otherwise, on Hi 1} analogous to above arguments, there is 1 < 
*2 7^ H 5; N such that there is a G X p ^-invariant orthogonal decomposition 
of Hi ± : Hi x = Ei 2 E'- such that Ei 2 7^ and there is no non-trivial 
Vi 2 -fixed vectors on Ei 2 and E[ 2 is fixed by V{ 2 . If Ei 2 = Hi x , then we also 
get (*). Otherwise, we repeat the above procedure on E[ 2 . Note that E' i2 
is fixed by V^ and Vi 2 . Since there is no non-trivial V- fixed vectors, this 
procedure stops after at most N — 1 steps. So (*) is proved. 

Recall notations in Definition 11.11 Denote by Gj, 1 < % < j the non- 
compact almost /c-simple factors of G. Let w\ = {v G Vi : v is fixed by G{\. 
Notice that each Gi, 1 < I < j is a normal subgroup in G, then 



U( 9l )(U(g)u) = Ii(g)Ii(g- l g ig )v = U{g)u, Vv G u>j, V 5 G G, V ft G G,, 
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for any II E TZy which implies that w^, 1 < I < j is G- invariant. By 
irreducibility of Vi, w\ = or = Vi for each /. Since the product Yli=i @i 
is either equal to G s or is Zariski dense in G s (see [30]), p is also good on 
111=1 ^i- Then for any 1 < % < N there exists a non-empty subset Ai of 
{1, • • ■ ,j} such that w\ = for any Z € Aj. Since G; is excellent on Vi, 
P(Gi,Vi,®i i) < 00 where is the set of weights of on V{. Let p« ^ be the 
smallest integer such that 2pa,i) > P(Gj,Vi,$j Denote by 

(9.1) U G Aj such that = minp^ j). 

Next, we consider the restriction of ir \a, kU f° r i & X. Then by Theorem 
11.41 f° r an y K j 4 -invariant unit vectors u and to in J5j where K k is a good 
maximal compact subgroup in G\., one has 

(9.2) Mg)v,w)\ <^a h (9) for any g e G k . 

For any unit vector v £ Ei and any /i £ G^ such that ^ K\., we will show 
that 



(9.3) max \\ir(s)v — v\\ > K^^h) 



)/2(l-S^ W ) 



»e{MCiJ /„/, n Vr. 



2 (l +3 

Suppose for all r E if^, we have ||7t(t)i/ — u\\ < ki.(K). We will show that 
||7r(/t)i/ — > ni.(h). Let z^i be the average of the .fQ. -transform of 



JKi. 



where dr is the normalized Haar measure on K%.. We compute 

\\v — ^i|| < K h{h)i so that ||z/i|| > 1 — Ki ih). 

Since Ki (h) < 1, the inequality implies that u\ is non-zero. Note that for 
any unit vector w, 

||7t(<7)m; — w\\ 2 = 2 — 2Re(7r(g)u;, w), \/g € G. 

Hence by using (|9.2p we have 



and then 



K(/t>l -vi\\> p(l - E^(h)) • IK] 



> ^2(1 -H^"(h)). (!-«,,(/»)). 
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Therefore 



\n(K)v — v\\ = \\ir(h)vi — v\ + (ix{K)v — -k(^i)v\) + [y\ 
> ||7r(/i)^i — z^i|| — 2\\i/i — u\\ 



> 



^(l-H^'W) • (1 - Kk(h)) - 2n k {h) 



which implies (|9.3|) . 

For any hi S such that hi ^ set 



N 



(9-4) Q(h 1 ,...,h JV ) = IJ{^'^}- 



Fix a unit vector i/ of ir. Using (*) there is an orthogonal decomposition of 
v : v = Ylii<^x v i- There exists io € X such that ||^j || = maxj||z^|| > -^=. 
Then it follows from (19.31) that 



(9.5) inf max \\tt{s)u — v\\ > —= ■ min K[.(hi), 

TreKy seQ( hl! ... jAjv ) VAT i<i<Ar 

which proves that the pair {G x p V, V) has Kazhdan's property (T) and a 
Kazhdan constant for ((G x p V, F), j/lJV )) is -7= •mini< i < A r m.(hi). □ 

Remark 9.5. Any compact generating subset of G x p V is a Kazhdan set if 
the pair (Gtx p V, V) has Kazhdan's property (T) (see [Ml Ch 1, Proposition 
15]). The above proposition yields examples of Kazhdan sets which are 
contained in a proper closed semisimple subgroup of G (see Example [8|). 

Example 8. Suppose p is excellent on V and denote by Gi, 1 < i < j the 
non-compact almost A:-simple factors of G. Let pi be the smallest integer 
such that 2pi > mmip( Gi Vl \ where is the set of weights of Gi on 
VJ. Then from the proof of Proposition 19.41 we see that for any h € Gi 
such that h ^ Ki, a Kazhdan constant for the set ((G K p V,V), {Ki, h}) is 



Example 9. Suppose rank^G = 1 and p is irreducible and good on V . 
Denote by G\ is the non-compact almost A;-simple factor of G and by K\ 
a good maximal compact subgroup in G\. Let m be the smallest integer 
such that 2m > p' where p' is defined in (|8.1ip . For any h £ G\ such that 

h$K x , 2i £- is a Kazhdan constant for ((G x p V, V), {#i, fc}). 
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